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a b s t r a c t 

Recent years have witnessed a surging growth in developing anisotropic hydrogels. Partic- 

ularly, a new type of microfiber-based anisotropic hydrogel has emerged by transforming 

nature’s existing anisotropic soft materials into hydrogels. For example, wood-based hy- 

drogels feature crosslinked networks serving as the matrix with stiffer micro-sized cellu- 

lose bundles as the reinforcement. These anisotropic hydrogels resemble the anisotropic 

microstructure of living organisms and hold promise for broad applications. Despite its 

promising outlook, well-formulated mechanical models remain unavailable for microfiber- 

reinforced anisotropic hydrogels. The existing constitutive models are limited to simplified 

fiber configurations, making them only suitable for anisotropic hydrogels with macro-sized 

fibers but inadequate to capture complex microfiber distribution. Moreover, in sharp con- 

trast to the nonlinear behavior of cellulose microfibers in wood-based hydrogels, fibers 

in most existing models are usually linear-elastic. Aiming to address this deficiency, we 

have established a micromechanical constitutive model suitable for microfiber-reinforced 

anisotropic hydrogels. Fiber distributions are included in the proposed constitutive model, 

which makes possible the investigation of various fiber reinforcement configurations. We 

explore several important anisotropic mechanical behaviors of the microfiber-reinforced 

hydrogel, including the anisotropic swelling, and anisotropic stress-strain relation in uni- 

axial tensile loading. More importantly, we apply the present model to analyze the per- 

formance of a humidity-sensitive actuator based on a bilayer of wood-based hydrogel and 

polyimide. The proposed constitutive model may promote theoretical understandings on 

the mechanical properties of anisotropic hydrogels and anisotropic-hydrogels-based soft 

machines. 

© 2020 Elsevier Ltd. All rights reserved. 

 

 

 

 

1. Introduction 

Hydrogel has emerged as one of the most promising bio-mimicking materials due to its ultrahigh water content

( Ahmed, 2015 ), responsiveness to stimuli ( Ionov, 2014 ), and extraordinary bio-compatibility ( Billiet et al., 2012 ). Inspired

by nature’s broad lore of deformation mechanisms, in fields such as soft actuators and soft robots, researchers have de-

voted great attention to reproducing morphology transforming schemes of living organisms using man-made hydrogels.
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Even though the living organisms are often characterized by a highly hierarchical, directional and anisotropic microscopic

structure ( Burgert and Fratzl, 2009 ; Calvert, 20 09 ; Fratzl et al., 20 08 ), in sharp contrast, their artificial counterpart, hydrogel,

usually possesses an isotropic architecture, owing to the conventional polymerization process ( Sano et al., 2018 ). However,

anisotropic structures have an enabling role in the performance of physiological functions: muscle depends on the uniaxial

contractions of the muscle fibers to act; cartilage relies on the anisotropic structure of collagens to provide lubricating in-

traosseous support; and the directional mass transportation inside plant vascular bundles is realized by the highly aligned

cellulose fibers. 

To bridge this gap, an array of approaches to endowing hydrogel with oriented microstructures have been developed

within the past decade to mimic nature’s anisotropic soft matters. These effort s can be categorized into three distinc-

tive types ( Sano et al., 2018 ): (i) Hybrid hydrogel with interacting micro/nano-fillers ( Kim et al., 2015 ; Liu et al., 2015a ;

Palagi et al., 2016 ); (ii) hydrogel with aligned microporous structures resulting from the directional crystallization of sol-

vent ( De France et al., 2018 ; Liu et al., 2016a ); (iii) Hydrogel with aligned reinforcement fibers or secondary network

( Gladman et al., 2016 ; Lin et al., 2016 ). These effort s have unleashed a rapid growth in anisotropic hydrogels with en-

hanced mechanical performances owing to their intrinsic microscopic structures mimicking living organisms. In this regard,

the novelty and significance of anisotropic hydrogels have been demonstrated in various applications such as bio-mimicking

actuation. For example, Kim et al. developed an anisotropic hydrogel with electrostatically interacting nanofillers and demon-

strated its application in a unidirectional progressing biped soft robot ( Kim et al., 2015 ). Gladman et al. invented a compli-

cated shape transform achieved by a 4D-printed anisotropic hydrogel with locally oriented cellulose fibrils ( Gladman et al.,

2016 ). The deformation behavior of the hydrogel can be readily modulated by tuning the fiber alignment via the printing

process. As a common strategy shared by these examples, the anisotropy is imparted to the otherwise originally isotropic

hydrogel matrix via microstructural modifications, so that hydrogels are made anisotropic. 

More recently, a new strategy is demonstrated to construct anisotropic hydrogel by directly reorganizing the microstruc-

ture of nature’s existing anisotropic materials. The structures of living organisms are naturally anisotropic (bio-tissue, wood,

etc.). Therefore, anisotropic hydrogels can be derived by transforming nature’s anisotropic materials into hydrogels. For ex-

ample, natural wood can be chemically processed to expose the hydrophilic cellulose nanofibers (CNF) originally bundled

within the wood cell walls ( Kuang et al., 2019 ), which form a cross-linked cellulose hydrogel once in contact with water.

The cross-link can be made either physically by promoting the hydrogen bond percolating network ( Kuang et al., 2019 ),

or chemically by further functionalizing the cellulose fiber precursors ( Ye et al., 2018 ). The cellulose fibers can also be

mixed with polymeric hydrogel precursor to form cellulose-fiber-reinforced hydrogels ( Kong et al., 2018 ). The abovemen-

tioned aggregates of cellulose fibers, water, and crosslinked hydrophilic networks can be termed as wood-based hydrogels. In

these wood-based hydrogels, CNF bundles (a.k.a., cellulose microfibers) serve as the reinforcement phase, providing stiffness

and mechanical strength; the hydrophilic networks formed by crosslinked polymer chains ( Kong et al., 2018 ) or cellulose

nanofibers tethered to the surface of CNF bundles ( Kuang et al., 2019 ) absorb and retain water molecules. For applications

of wood-based hydrogels, Kuang et al. ( Kuang et al., 2019 ) demonstrated a cellulose-nanofiber-based anisotropic actuator

driven by humidity change. Benefiting from its anisotropic microstructure, the actuator outperforms other designs of the

same kind with isotropic structures in both response time and lifting weight ratio. Furthermore, wood-based hydrogels also

inherit the excellent mechanical properties of wood. According to Kong et al. ( Kong et al., 2018 ), the wood-based hydrogel

exhibits an ultimate tensile strength 500 times of the traditional polyacrylamide hydrogel. 

The emerging anisotropic hydrogels and their broad applications have motivated recent development of the constitutive

models for anisotropic fibrous hydrogels. Following the approach by Holzapfel ( Holzapfel, 20 0 0 ), Pan and Zhong ( Pan and

Zhong, 2014 ) proposed a constitutive model to understand the mechanical degradation due to moisture absorption of uni-

directional fiber-reinforced composites. Nardinocchi et al. ( Nardinocchi et al., 2015 ) presented an enhanced version of the

Flory-Rehner free energy ( Flory and Rehner, 1943 ) by accounting for the reinforcement effect of aligned fibers, to inves-

tigate the anisotropic response of fiber-reinforced hydrogels. Liu et al. ( Liu et al., 2016b , 2015b ) implemented the above

constitutive model into the finite element framework to model the anisotropic swelling behaviors of fibrous hydrogels. Liu

et al. ( Liu et al., 2018 ) also conducted direct numerical simulations to explore the anisotropic contraction of fiber-reinforced

hydrogels by resorting to the finite element method. Bosnjak et al. ( Bosnjak et al., 2019 ) enriched the continuum-level con-

stitutive model for fiber-reinforced polymeric gels by further taking into account the anisotropic diffusion of water. In these

models, fibers are taken to be macro-fibers that feature a linear-elastic response, in sharp contrast to the nonlinear behav-

ior of cellulose microfibers in wood-based hydrogels. Zhou et al. ( Zhou et al., 2019 ) took into account the real fabrication

process of the fiber-reinforced hydrogels and considered the nonlinear mechanical response of embedded fibers. However,

in the abovementioned studies, only one or two families of fibers (a fiber family includes all the fibers aligned along one

direction) are considered, which is suitable for anisotropic hydrogels with macro-sized fibers but inadequate to capture the

microfiber-reinforced hydrogels often featuring complex microfiber distribution. Recently, Astruc et al. ( Astruc et al., 2019 )

outlined an anisotropic constitutive model for soft fibrous tissue by taking into account both the distribution of microfibers

and the nonlinear fiber behavior. Nevertheless, the interaction of water molecules with polymer/cellulose chains is not im-

plemented into the model, such that the knowledge obtained from their study cannot be directly applied to understand the

behavior of anisotropic hydrogels, in particular, the wood-based hydrogels. 

In this study, we develop a physics-based constitutive model of microfiber-reinforced hydrogels ( μFRG) by conceptualiz-

ing the material as a three-dimensional distribution of microfibers embedded in an isotropic hydrogel matrix. In particular,

the model is suitable to simulate the mechanical response of wood-based hydrogels (i.e., hydrogels reinforced by micro-sized
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Fig. 1. A step-by-step representation of microfiber-reinforced hydrogel preparation processes. (a) A solution mixture of solvent, monomer molecules, and 

microfibers. (b) Orientation of the fibers. (c) As-prepared μFRG. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

cellulose bundles), a novel anisotropic hydrogel system that has not been analyzed theoretically. Some of our theoretical re-

sults are compared to available experimental data of wood-based hydrogels in the literature. The unique nonlinear mechan-

ical behavior of cellulose microfibers is discussed. The rest of this paper is organized as follows. In Section 2 , we construct

the constitutive models by resorting to a micromechanical treatment of the strain energy associated with the deformed mi-

crofibers. The restriction of a limited number of microfiber families is relaxed, and the microfibers can be described more

precisely by a directional distribution. The equations of states, i.e., the stress-deformation relations are derived in the most

generic form. In Section 3 , the generic form of the μFRG constitutive model is fleshed out to model hydrogels with different

types of fiber distribution. The anisotropic mechanical behaviors of these μFRG are investigated. In Section 4 , the theory

is further applied to study the actuation behaviors of a humidity-sensitive soft actuator where a thin layer of anisotropic

wood-based hydrogel dries on a substrate. The bending actuation due to the dehydration of an anisotropic wood-based hy-

drogel film is compared with an in-plane isotropic wood-based hydrogel. Section 5 summarizes the main findings of the

paper. 

2. Constitutive model for microfiber reinforced anisotropic hydrogels 

2.1. The fabrication and structure of microfiber-reinforced hydrogels 

Fig. 1 describes a representative preparation process of a μFRG: As a first step, monomers and microfibers such as

cellulose bundles are uniformly mixed in a solution or ink ( Gladman et al., 2016 ; Markstedt et al., 2015 ; Siqueira et al.,

2017 ; Torres-Rendon et al., 2015 ; Wang et al., 2016 ). Next, the external driving force is applied to orient the microfiber to

the desired direction and extent of dispersion. For instance, both shear force due to solution/ink flow ( Chen et al., 2014 ;

Compton and Lewis, 2014 ) and externally applied electromagnetic field ( Kokkinis et al., 2015 ; Lian et al., 2013 ) are reported

as effective techniques to align microfibers in a controllable manner. Lastly, the gelation process is triggered to crosslink

the monomers into a polymeric network. In the condition that the monomers are uniformly dissolved in the solvent and

each monomer molecule is surrounded by abundant water molecules, it can be assumed that the presence of microfibers

does not disturb or alter the gelation of the hydrogel phase. In other words, the existence of microfibers in the monomer

aqueous solution does not intervene the gelation process chemically. In reverse, the gelation process itself is also indepen-

dent of the microfibers mechanically. As a result, gelation and cross-linking do not induce any localized stress between the

gel matrix and fibers. That is, the as-fabricated μFRG is stress-free. Such a free-swelling state is characterized by zero net

stresses through the hydrogel since the stress due to network stretch and osmotic stress balance out ( Hong et al., 2008 ). 

2.2. Free energy function 

This section specifies the free-energy density function which represents the intrinsic material properties of the μFRG.

One notes that it is important to choose the correct normalization volume for the strain energy density of materials with

changing volume. Herein, we take the as-prepared free-swelling state of the μFRG illustrated in Fig. 1 c as the reference state.

The free energy density W of the μFRG consists of the contribution from the isotropic hydrogel matrix and contribution from

the deformed microfibers embedded in the matrix. That is, the total free energy density of the μFRG can be calculated by

adding the free energy stored in the deformed microfibers W fiber to that of the gel matrix W gel , namely, 

W = W gel + W fiber (1)

A hydrogel is an aggregate of a network of crosslinked polymer chains and water molecules. Accordingly, from a ther-

modynamics perspective, W gel can be postulated as a summation of the strain energy density W network associated with the

stretching of the polymer network and the entropic free energy density W stemming from the mixing of the polymer
mix 
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network and the water molecules, i.e., W gel = W network + W mix . It has been widely recognized that the Helmholtz energy of

the hydrogel divided by the volume of the dry polymer network is given by ( Hong et al., 2009 , 2010 ) 

W 

′ 
gel 

(
F ′ , μ

)
= 

NkT 

2 

(
I ′ 1 − 3 − 2 log J ′ 

)
− kT 

ν

[ 
νC log 

(
1 + 

1 

νC 

)
+ 

χ

1 + νC 

] 
− μC (2) 

where N is the number of polymeric chains per unit volume of the dry polymer, C the nominal concentration of water

defined as the number of water molecules in a unit volume of the dry polymer, ν = 3 × 10 −29 m 

3 is the volume per water

molecule, χ the Flory-Huggins parameter measuring the hydrophilicity of the polymer network, and μ the chemical poten-

tial of water molecules, k is the Boltzmann constant, and T is the temperature in Kelvin scale. I ′ 
1 

= F ′ 
iK 

F ′ 
iK 

and J ′ = det F ′ are

the first invariant and third invariant (Jacobian determinant). Note that the superscript ’ is indicative of quantities defined on

the dry state of the polymer network, such that F ′ is the deformation gradient tensor defined with respect to the dry poly-

mer network. As discussed above, the free energy of the fiber-reinforced hydrogel consists of three terms: W network , W mix ,

and W fiber . Notably, the energy of mixing W mix is related to the number of permissible arrangements of gel monomers and

solvent molecules in a lattice model. The introduction of fibers may change the number of possible arrangements and thus

the energy of mixing. That is to say, the embedded fibers may affect the free energy of hydrogel through both W mix and

W fiber . The object of this paper is to demonstrate how the complex microfiber distribution, which is taken into account by

W fiber , contributes to the anisotropic response of fiber-reinforced hydrogels. To focus on the main idea of this paper, for con-

venience, we assume the introduction of fibers does not affect the energy of mixing and adopt the best-known free-energy

due to Flory and Rehner ( Flory and Rehner, 1943 ) in Eq. (2) . 

We need to correlate the free energy density W 

′ 
gel 

given in Eq. (2) to the free energy density W gel defined on the as-

fabricated state of μFRG. The as-fabricated state of μFRG is dictated by the isotropic free swelling of the hydrogel phase.

Consequently, relative to the dry polymer network, the as-prepared state of the μFRG sketched in Fig. 1 c is characterized by

the deformation gradient 

F 0 = 

[ 

�0 

�0 

�0 

] 

(3) 

with �0 being the free-swelling stretch. One notes that �0 relates to the chemical potential and the material properties Nv

and χ by 

Nv 
(
�−1 

0 − �−3 
0 

)
+ log 

(
1 − �−3 

0 

)
+ �−3 

0 + χ�−6 
0 − μ0 /kT = 0 (4) 

where μ0 is the chemical potential of water molecules when the μFRG is fabricated. Define F as the deformation gradient

tensor of the current state relative to the as-fabricated state, namely, the reference state. The multiplicative decomposition

of the deformation gradient gives that 

F ′ = F F 0 (5) 

Eq. (5) yields the relation between F ′ 
iK 

and F iK that 

F ′ iK = F iK �0 (6) 

Using the as-fabricated state of the μFRG as the reference state, we can express the free-energy density W gel in terms of

W 

′ 
gel 

as 

W gel = �−3 
0 W 

′ 
gel (7) 

Substituting Eqs. (6) and (7) into Eq. (2) gives the free energy density defined in the reference state (namely, free energy

divided by the volume of as-fabricated μFRG) 

W gel ( F , μ) = 

NkT 

2�3 
0 

[
F iK F iK �

2 
0 − 3 − 2 log 

(
J�3 

0 

)]
− kT 

ν�3 
0 

[ 
νC log 

(
1 + 

1 

νC 

)
+ 

χ

1 + νC 
+ 

μ

kT 
νC 

] 
(8) 

Since the embedded fibers do not imbibe solvent and thus does not change volume, it is postulated that the volume

change of the fiber-reinforced hydrogels is fully transmitted to the hydrogel phase consisting of polymer network and water.

By further assuming both parties are incompressible, we obtain a relation between the nominal water concentration C and

the volume of μFRG that 

J ′ = J�3 
0 = 1 + v C (9) 

where J = det (F ) is the volume ratio relative to the reference state. Subject to the constraint (9) , the water concentration C

is not independent but is expressed in terms of the deformation gradient F . A combination of Eq. (8) and Eq. (9) gives 

W gel ( F , μ) = 

NkT 

2�3 
0 

[
I 1 �

2 
0 − 3 − 2 log 

(
J�3 

0 

)]
− kT 

ν�3 
0 

[(
J�3 

0 − 1 

)
log 

(
J�3 

0 

J�3 
0 

− 1 

)
+ 

χ

J�3 
0 

+ 

μ

kT 

(
J�3 

0 − 1 

)]
(10) 

where I = F F . 
1 iK iK 
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The microfibers embedded in the μFRG feature a homogeneous and anisotropic distribution, which is described by a

probability distribution function of the fiber orientation angles ρ( θ , φ), where θ ∈ [0, 2 π ) represents the circumferential

angle and φ ∈ [0, π ] is the meridional angle. The distribution function ρ( θ , φ) satisfies that 
∫ 2 π

0 

∫ π
0 ρ( θ, φ) sin φdφdθ = 1 .

The orientation of each microfiber is characterized by a unit direction vector N( θ, φ) = cos θ sin φe 1 + sin θ sin φe 2 + cos φe 3 .

To study the deformation of microfibers, we hypothesize that the microfiber-microfiber contact is negligible. In the language

of mechanics of composite materials, the fiber reinforcement phase is “diluted”. Along this line, the microfibers are assumed

to deform affinely with the macroscopic deformation gradient F , such that the macroscopic stretch of a microfiber can be

calculated by 

λf ( θ, φ) = 

√ 

N · CN (11)

where C = F T F is the right Cauchy-Green deformation tensor. Hence the energy stored in one strained microfiber can be

expressed in terms of the macroscopic deformation F and the fiber orientation N( θ, φ) , that is, U fiber = U fiber ( F | N ) . The strain

energy density of microfibers can be determined by integrating the strain energy density of all fibers over all orientations

weighted by the probability density distribution ρ( θ , φ) as 

W fiber ( F ) = 

∫ 2 π

0 

∫ π

0 

U fiber ( F | N ) ρ( θ, φ) sin φdφdθ (12)

Eq. (12) can also be written as an integral extends over a unit sphere that W fiber = 

! 

U fiber (F | N) ρ(θ, φ) dA , where dA =
sin φdφdθ is the infinitesimal area element. 

By assembling Eqs. (10) and (12) into Eq. (1) , we arrive at an expression for the total strain energy density of the μFRG 

W ( F , μ) = 

NkT 

2�3 
0 

[
I 1 �

2 
0 − 3 − 2 log 

(
J�3 

0 

)]
− kT 

ν�3 
0 

[(
J�3 

0 − 1 

)
log 

(
J�3 

0 

J�3 
0 

− 1 

)
+ 

χ

J�3 
0 

+ 

μ

kT 

(
J�3 

0 − 1 

)]

+ 

∫ 2 π

0 

∫ π

0 

U fiber ( F | N ) ρ( θ, φ) sin φdφdθ (13)

After defining the free energy function W , the nominal stress can be derived as 

S iK = 

∂W ( F , μ) 

∂ F iK 
(14)

In particular, principal nominal stress in the μFRG is given by 

S i 
kT / v 

= 

Nv 
�2 

0 

(
�0 λi −

1 

�0 λi 

)
+ 

1 

�3 
0 
λi 

[
J�3 

0 log 

(
1 − 1 

�3 
0 
J 

)
+ 1 + 

χ

�3 
0 
J 

− μ

kT 
J�3 

0 

]

+ 

ν

kT 

∫ 2 π

0 

∫ π

0 

∂ U fiber 

∂ λf 

∂ λf 

∂ λi 

ρ( θ, φ) sin φdφdθ (15)

where S i ( i = 1, 2, 3) is the principal stress and λi the corresponding principal stretch. The first two terms in Eq. (15) are the

stresses stemming from the deformation of the macroscopic hydrogel and the last term is contributed by the length change

of the embedded microfibers. Note that the macroscopic stretch of a microfiber can be expressed in terms of the principal

stretch λi as λf ( θ, φ) = 

√ 

( λ1 sin φcos θ ) 2 + ( λ2 sin φsin θ ) 2 + ( λ3 cos φ) 2 , so that the derivative of the macro-stretch is given

by 

∂ λf 

∂ λ1 

= 

λ1 si n 

2 φcos 2 θ

λf 
(16–1)

∂ λf 

∂ λ2 

= 

λ2 si n 

2 φsin 

2 θ

λf 
(16–2)

∂ λf 

∂ λ3 

= 

λ3 cos 2 φ

λf 
(16–3)

2.3. The mechanical behavior of microfibers 

The constitutive model derived in the previous section leaves the strain energy function U fiber unspecified. We now dis-

cuss a particular way to represent the mechanical behavior of microfibers. In the macroscale, a common treatment for fiber

elasticity is to adopt a linear elastic model that features a linear stiffness in both tension and compression. However, given
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Fig. 2. Elastic properties of a single microfiber. (a) The dependence of the fiber stress-stretch relation on parameter B . (b) The dependence of the fiber 

stress-stretch relation on parameter Ē . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

its large aspect ratio, the microfibers of concern are more deformable to compression than to stretching, rendering the me-

chanical behavior of microfibers highly nonlinear. Hereby, we assume an exponential Fung-type stress response ( Fung, 1967 )

for a single microfiber, which was originally intended for soft tissue fibrils such as collagen fibers, that 

S fiber = 

∂ U fiber 

∂ λf 
= 

E 

B 

[ 
e B ( λ

f −1 ) − 1 

] 
(17) 

where E and B are two model parameters: E is the fiber stiffness at infinitesimal strain, and B is a dimensionless shape

parameter with positive values. Note that for convenience E incorporates the fiber volume fraction. It is worth noting that

the Fung-type model was developed to capture the response of collagen fibers in tension, but not in compression, because

collagen fibers are crimped in the initial configuration ( Lu et al., 2018 ) and they cannot support compression. The main focus

of this paper will be on anisotropic wood-based hydrogels reinforced by cellulose fibers. In contrast to the crimped collagen

fibers, cellulose fibers embedded in hydrogels can sustain some degrees of compression for three reasons: (1) Cellulose

fibers are straight and uncrimped, such that they can sustain compression before buckling. (2) Cellulose fibers embedded in

hydrogels are surrounded by hydrogel matrix and neighboring cellulose fibers, the lateral deflection of the fibers, which is

necessary for the onset of fiber buckling, is thus constrained. Therefore, cellulose fibers in hydrogels are not as susceptible to

buckling as freestanding cellulose fibers. (3) Even if buckling sets in, further lateral deflection required by the post-buckling

deformation is strongly restricted by the surrounding matrix and fibers, such that the post-buckled fibers can still sustain

modest compression. In summary, the cellulose fibers embedded in hydrogels can support some degrees of compression,

contrasting with the crimped collagen fibers. In addition, experimental evidence has accumulated that cellulose fibers under

tension also feature a nonlinear behavior ( Kong et al., 2018 ). Moreover, it should be noted that the framework of the current

theory is not restricted to the use of the Fung-type model given by Eq. (17) . It can readily adopt other models. For example,

to model hydrogels reinforced by collagen fibers of zero compressive strength, a modified Fung-type model developed by

following a ‘tension-compression switch’ approach ( Holzapfel and Ogden, 2015 ) can be employed. Details of the modified

Fung-type model is given in Appendix A . 

To describe the contribution of microfibers to the stress of μFRG, we can introduce a normalized stiffness for microfibers

Ē = Ev /kT and the associated normalized fiber stress S̄ fiber = S fiber v /kT . The dependence of the microfiber stress-strain re-

lation on parameter B is shown in Fig. 2 a. When B approaches zero, the mechanical behavior of the microfiber is rather

linearly elastic. When B takes a finite positive value, the stress response becomes nonlinear: the magnitude of tensile stiff-

ness is larger than the stiffness in compression. The nonlinearity of the stress response increases as B increases, so that the

higher the value of B , the stiffer the microfiber. The effect of Ē is straightforward, as shown in Fig. 2 b, the fiber stiffness

increases with increasing Ē . 

2.4. The equations of state of microfiber-reinforced hydrogels 

A combination of Eqs. (15 - 17 ) gives the generic expression of the nominal principal stresses of μFRGs with arbitrary

microfiber distributions, 

S 1 
kT / v 

= 

Nv 
�2 

0 

(
�0 λ1 − 1 

�0 λ1 

)
+ 

1 

�3 
0 
λ1 

[
J�3 

0 log 

(
1 − 1 

�3 
0 
J 

)
+ 1 + 

χ

�3 
0 
J 

− μ

kT 
J�3 

0 

]

+ 

∫ 2 π ∫ π Ē 

B 

[ 
e B ( λ

f −1 ) − 1 

] 
λ1 si n 

2 φcos 2 θ

λf 
ρ( θ, φ) sin φdφdθ (18–1) 
0 0 
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Fig. 3. Anisotropic free-dehydration of μFRG with microfibers perfectly aligned in one direction. (a) Schematic of the μFRG. All microfibers are perfectly 

aligned in x 1 direction. (b) The anisotropic deformation of the μFRG due to free dehydration with Ē = Nv and B = 1. The dehydration of an isotropic 

hydrogel without embedded microfibers is plotted as the baseline case. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

S 2 
kT / v 
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Nv 
�2 

0 

(
�0 λ2 − 1 
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0 log 

(
1 − 1 

�3 
0 
J 

)
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χ

�3 
0 
J 
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J�3 

0 

]

+ 

∫ 2 π

0 

∫ π

0 

Ē 

B 

[ 
e B ( λ

f −1 ) − 1 

] 
λ2 si n 

2 φsin 

2 θ

λf 
ρ( θ, φ) sin φdφdθ (18–2)

S 3 
kT / v 

= 

Nv 
�2 

0 

(
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)
+ 
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�3 
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[
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0 log 
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0 

]

+ 
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0 

∫ π

0 

Ē 

B 

[ 
e B ( λ

f −1 ) − 1 

] 
λ3 cos 2 φ

λf 
ρ( θ, φ) sin φdφdθ (18–3)

Eqs. (18) are the equations of state relating the stress of the μFRG to the deformation gradient F when a μFRG is

held at a constant chemical potential. Given the chemical potential μ, the parameter χ describing the enthalpy of mixing,

and the microfiber distribution function ρ( θ , φ), the three stretches λ1 , λ2 , and λ3 can be determined once the applied

stresses σ 1 , σ 2 , and σ 3 are known, and vice versa. The equations of state have three adjustable materials parameters: N ν
is a dimensionless measure of the hydrogel stiffness, Ē is the normalized fiber stiffness and B is a parameter dictating

the nonlinearity of the stress response of microfibers. In all the application cases to come in the following sections, if not

otherwise mentioned, we will take the values being: μ0 = 0 , χ = 0 . 2 , Nv = 10 −3 . It is worth noting that the as-fabricated

hydrogels are usually not fully swollen, such that the initial chemical potential μ0 is less than zero and its exact value needs

to be calibrated by experiments. The focus of this work is on developing the theoretical framework and applying it to the

anisotropic hydrogels reinforced by cellulose fibers. Without loss of generality, we set μ0 = 0 for simplification. Assigning a

negative value to μ0 will not change the major conclusions of this work. 

3. Anisotropic mechanical behaviors of microfiber-reinforced hydrogels 

This section examines the anisotropic behaviors of μFRGs with three distinct types of fiber distributions: (1) perfectly

aligned microfibers, (2) microfibers uniformly distributed in a plane, and (3) microfibers following in-plane von Mises dis-

tribution. 

3.1. Anisotropic hydrogel with perfectly aligned microfibers 

The configuration of the μFRG with perfectly aligned microfibers is depicted schematically in Fig. 3 (a). Such an idealized

case is suitable when most of the microfibers are highly aligned ( Kong et al., 2018 ; Mredha et al., 2018 ). Without losing

generality, the microfibers are assumed to be arranged in parallel along the x 1 direction, such that the probability distribu-

tion function ρ( θ , φ) reduces to the Dirac delta function. In the language of composite materials, the μFRG with perfectly

aligned microfibers is transversely isotropic with the x 2 x 3 -plane being the plane of isotropy. The equations of state shown

in Eqs. (18) take the form 

S 1 
kT / v 

= 

Nv 
�2 

0 

(
�0 λ1 − �−1 

0 λ−1 
1 

)
+ �−3 

0 λ−1 
1 

[
J �3 

0 log 

(
1 − 1 

J �3 
0 

)
+ 1 + 

χ

J �3 
0 

− μ

kT 
J �3 

0 

]
+ 

Ē 

B 

[
e B ( λ1 −1 ) − 1 

]
(19–1)

S 2 
kT / v 

= 

Nv 
�2 

0 

(
�0 λ2 − �−1 

0 λ−1 
2 

)
+ �−3 
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[
J �3 

0 log 

(
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J �3 
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)
+ 1 + 

χ

J �3 
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− μ

kT 
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]
(19–2)

S 3 
kT / v 

= 

Nv 
�2 

0 

(
�0 λ3 − �−1 
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)
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[
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0 log 

(
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)
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χ
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− μ

kT 
J �3 
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]
(19–3)
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We first study the free swelling/dehydration behavior of such a μFRG from its as-synthesized state. This process can be

modeled by setting stresses given in Eqs. (19) to be zero, namely, 

S i = 0 (20) 

where i = 1, 2, and 3. The state of deformation of μFRGs can be characterized by the longitudinal stretch λ1 and two trans-

verse stretches λ2 = λ3 , so that Eq. (20) have two independent equations, S 1 = 0 and S 2 = S 3 = 0 , which are used to de-

termine the two independent stretches. Fig. 3 b plots the free-dehydration stretch as a function of the chemical potential.

With the chemical potential of the solvent μ/ kT decreasing from μ0 / kT = 0 to −0.05, the μFRG shrinks continuously. As a

baseline case, we plot the dehydration curve of an isotropic hydrogel without any embedded microfibers by setting the mi-

crofiber stiffness Ē = 0 (orange line in Fig. 3 b). As expected, the hydrogel dehydrates with isotropic stretches: λ1 = λ2 = λ3 .

In contrast, in the presence of microfibers (namely, Ē > 0 ), the μFRG shrinks in an anisotropic manner with λ1 � = λ2 = λ3 .

In Fig. 3 b, we take μFRG with Ē = Nv and B = 1 as an example. Due to the existence of the microfibers, the deformation

of μFRG in the x 1 direction is strongly constrained, therefore the contraction along the fiber direction is less than that in

the two transverse directions. Consequently, the anisotropic dehydration behavior of μFRG is characterized by two distinct

curves: the λ1 curve is located above the baseline case and λ2, 3 curve falls below the baseline case. 

We next study the anisotropic mechanical behavior of the μFRG under uniaxial tension. The anisotropy in mechanical

properties of the μFRG implicates that stretching the μFRG along different directions may yield different resulting stresses.

To demonstrate this, we examine two cases: The μFRG is subject to uniaxial tension along the microfiber direction x 1 
(Case 1, Fig. 4 a) or the transverse direction x 2 (Case 2, Fig. 4 b). For Case 1, the state of deformation is characterized by the

longitudinal stretch λ1 and the transverse stretch λ2 = λ3 . The stresses in the transverse direction equal zero, so that 

Nv 
�2 

0 

(
�0 λ2 − �−1 

0 λ−1 
2 

)
+ �−3 

0 λ−1 
2 

[
λ1 λ

2 
2 �

3 
0 log 

(
1 − 1 

λ1 λ2 
2 
�3 

0 

)
+ 1 + 

χ

λ1 λ2 
2 
�3 

0 

− μ

kT 
λ1 λ

2 
2 �

3 
0 

]
= 0 (21) 

Given a longitudinal stretch λ1 , Eq. (21) determines the transverse stretch λ2 = λ3 . The magnitude of the stress S 1 is

given by Eq. (19–1) . For Case 2, the uniaxial tension along the x 2 direction induces anisotropic contraction in the x 1 x 3 -plane,

with λ1 � = λ3 . The stresses in the x 1 and x 3 directions vanish, thus 

Nv 
�2 

0 

(
�0 λ1 − �−1 

0 λ−1 
1 

)
+ �−3 

0 λ−1 
1 

[
λ1 λ2 λ3 �

3 
0 log 

(
1 − 1 

λ1 λ2 λ3 �
3 
0 

)
+ 1 + 

χ

λ1 λ2 λ3 �
3 
0 

− μ

kT 
λ1 λ2 λ3 �

3 
0 

]

+ 

Ē 

B 

[
e B ( λ1 −1 ) − 1 

]
= 0 (22–1) 

Nv 
�2 

0 

(
�0 λ3 − �−1 

0 λ−1 
3 

)
+ �−3 

0 λ−1 
3 

[
λ1 λ2 λ3 �

3 
0 log 

(
1 − 1 

λ1 λ2 λ3 �
3 
0 

)
+ 1 + 

χ

λ1 λ2 λ3 �
3 
0 

− μ

kT 
λ1 λ2 λ3 �

3 
0 

]
= 0 (22–2) 

Eqs. (22) determine the stretch λ1 and λ3 given an applied stretch λ2 . Then Eq. (19–2) relates the stress S 2 to the stretch

λ2 . We plot the resulting stress as a function of the applied stretch for both cases in Fig. 4 c- 4 f, with different values of Ē or

B . As expected, stretching the μFRG along the microfiber direction (i.e., Case 1, blue line in Fig. 4 c- 4 f) results in much higher

stress than stretching in the transverse direction (i.e., Case 2, orange line), which is attributed to the reinforcement effect

due to microfibers. Moreover, one notes that the microfiber stiffness decreases from Fig. 4 c to 4 f, since the fiber stiffness

reduces with decreasing Ē or B as analyzed above. Fig. 4 c- 4 f show that the difference between the two cases becomes

more pronounced for μFRG with stiffer microfibers (i.e., with higher Ē and B ). However, no apparent difference is observed

between the transverse stress-stretch relations in all these four cases. This can be attributed to the fact that there is no

intrinsic inter-fiber interaction in the transverse direction and in such direction the material property is dominated by the

hydrogel phase. 

Another aspect of the anisotropic mechanical behavior of the μFRG is reflected by the anisotropic contraction in the

cross-section normal to the applied stretching. In particular, when the μFRG is subjected to tension in x 2 direction ( Fig. 5 a),

the contraction of the x 1 x 3 -plane is anisotropic, which features two independent stretches λ1 and λ3 . Therefore, the shape of

the cross-section during stretching is represented by the trajectory of the curves shown in Fig. 5 b. As λ2 increases from 1 to

6 (indicated by the arrow direction in Fig. 5 b), a family of these trajectories is parametrized by the stiffness of microfibers

Ē . The baseline case of isotropic hydrogel without microfibers ( ̄E = 0) exhibits an equal contraction since the λ3 - λ1 curve

extends along the 45 ° line on which λ1 = λ3 . For μFRG with positive Ē , the λ3 - λ1 curve deviates from the isotropic baseline

case: the contraction in the microfiber direction ( x 1 ) is less obvious compared to the contraction in the transverse direction

( x 3 ), so that the λ3 - λ1 curve of μFRG always lies below the baseline case. We plot in Fig. 5 c that the volumetric ratio J as

a function of the applied stretch λ2 . The monotonically increasing J indicates that the μFRG continues to take in water as

it gets elongated. The results in Fig. 5 c intriguingly suggest that μFRG with stiffer microfibers tends to be more capable of

water uptake. The effect of distribution of microfibers on the water absorption will be further discussed below. 

To validate the theoretical model, in Fig. 6 , we compare the theoretical prediction to the experimentally measured stress-

strain curves of wood-based hydrogels reported in the literature ( Kong et al., 2018 ). The samples were polyacrylamide (PAM)

hydrogels reinforced by stiff cellulose fibers highly aligned along the longitudinal direction of the gel and the hydrogels 

were stretched along the fiber direction (i.e., the Case 1 discussed above). One notes that the tensile tests were performed
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Fig. 4. Anisotropic stress response of μFRG with microfibers perfectly aligned in x 1 direction. Schematics of the μFRG under uniaxial tension (a) along 

the microfiber direction and (b) in the transverse direction. Stress due to stretching the μFRG along the microfiber direction (blue lines) and stretching 

along the transverse direction (orange lines) are plotted with various fiber properties: (c) Ē = Nv , B = 1, (d) Ē = 0 . 5 Nv , B = 1, (e) Ē = Nv , B = 0.5, and (f) 

Ē = 0 . 5 Nv , B = 0.5. 

Fig. 5. Anisotropic contraction of the μFRG. (a) Schematic of a μFRG under uniaxial tension along the x 2 direction. (b) The anisotropic stretches along the 

x 1 direction (namely, the fiber direction) and the x 3 direction are shown for various microfiber stiffness: Ē = 2 Nv , Ē = Nv , Ē = 0 . 25 Nv , and Ē = 0 (isotropic 

hydrogel without embedded microfibers). (c) Effect of the fiber stiffness on the water uptake. 
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Fig. 6. The comparison of the experimentally measured and theoretically predicted stress-strain behaviors of the polyacrylamide (PAM) hydrogels reinforced 

by cellulose fibers. (a) A pure PAM hydrogel is tested to determine the stiffness of the PAM hydrogel phase. (b) One sample of cellulose-fiber-reinforced PAM 

hydrogels is tested under uniaxial tension. The following parameters are adopted to make the plot: NkT / �0 = 9 kPa, B = 20 , E = 120 MPa. The experimental 

data are taken from the literature ( Kong et al., 2018 ). 

Fig. 7. Anisotropic deswelling behavior of μFRG with microfibers featuring an in-plane uniform distribution. (a) Schematic of the μFRG. (b) Anisotropic 

stretches due to free dehydration of the μFRG. Here Ē = Nv and B = 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

in the air, not in contact with water, such that the wood-based hydrogels could not imbibe water, resulting in a constant

volume during testing with a fixed volumetric ratio J . The corresponding stress-strain relationship can be developed based

on Eq. (13) . The details of the formulation are given in Appendix B . Fig. 6 a shows the data that are used to determine the

stiffness of the pure PAM hydrogel, giving NkT / �0 = 9 kPa. In Fig. 6 b, the theoretical predictions of the stress-strain behavior

of cellulose-fibers-reinforced PAM hydrogels match the experimental results consistently by setting B = 20 , E = 120 MPa. It is

noted that the experimentally observed stiffening behavior of the wood-based hydrogels is well captured by the theoretical

results ( Fig. 6 b). The experimentally measured stress-strain curve deviates from the theoretical prediction at the high strain

level. The discrepancy may stem from the damage of the cellulose fibers that we have not taken into account in the current

model. 

3.2. Anisotropic hydrogel with microfibers featuring an in-plane uniform distribution 

The μFRG with uniformly distributed microfibers in a plane is depicted schematically in Fig. 7 a. For example, such an

arrangement can be made possible when the thickness dimension of the hydrogel is much smaller than the in-plane di-

mensions ( Kuang et al., 2019 ). Without loss of generality, the microfibers are assumed to be arranged uniformly in the

x 1 x 2 -plane, so that the in-plane probability density function takes the form 

ρ( θ ) = 1 / 2 π (23) 

where θ is the circumferential angle defined in the x 1 x 2 -plane. The μFRG with microfibers featuring an in-plane uniform

distribution is transversely isotropic, with the x 1 x 2 -plane in which microfibers are distributed being the plane of isotropy.

The equations of state take the form 

S 1 
κT / v 

= 

Nv 
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0 

(
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dθ (24–1) 
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S 2 
κT / v 

= 

Nv 
�2 

0 

(
�0 λ2 − �−1 

0 λ−1 
2 

)
+ �−3 

0 λ−1 
2 

[
J �3 

0 log 

(
1 − 1 

J �3 
0 

)
+ 1 + 

χ

J �3 
0 

− μ

kT 
J �3 

0 

]

+ 

Ē 
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0 log 

(
1 − 1 

J �3 
0 

)
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− μ
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]
(24–3)

Given an applied loading such as free-dehydration and uniaxial tension, equations of state can be obtained by setting the

appropriate stress components in Eqs. (24) to be zero. 

The free dehydration of such a μFRG can be modeled by taking S i = 0 ( i = 1, 2, 3). The anisotropic dehydration features

two independent stretches λ1 = λ2 and λ3 . Fig. 7 b plots the stretches as a function of the chemical potential. In making the

plot, we take Ē = Nv , B = 1. The microfibers are arranged in x 1 x 2 -plane in a uniform manner, thereby reinforcing the in-

plane stiffness of the μFRG. Consequently, the μFRG undergoes less contraction in the x 1 x 2 -plane than that in the direction

perpendicular to the plane. The baseline case with Ē = 0 is plotted as the orange dashed line in Fig. 7 b, demonstrating the

isotropic deswelling behavior of isotropic hydrogel. Should Ē diminish from Nv to 0, both the in-plane and out-of-plane

stretch curves of μFRG will merge to the baseline-case curve. 

We next exemplify the anisotropic behavior of μFRGs by studying the stress responses due to uniaxial tension along the

in-plane direction ( Fig. 8 a) and out-of-plane direction ( Fig. 8 b). In Fig. 8 c- 8 f, we plot the in-plane and out-of-plane uniaxial

stress-stretch relations for four combinations of the mechanical properties of microfibers. Owning to the reinforcement effect

of microfibers, the in-plane stress is higher than the out-of-plane stress by several folds. From Fig. 8 c to 8 f, the difference

between the in-plane stress response and the out-of-plane stress response becomes less profound, because of the reduction

in fiber stiffness. A comparison between Fig. 4 and Fig. 8 shows that the μFRGs with microfibers uniformly distributed in a

plane are more deformable than the μFRGs with perfectly aligned fibers. 

We also examine the anisotropic contraction of μFRG in response to uniaxial tension along the in-plane direction ( x 2 ), as

illustrated in Fig. 9 a. The λ3 - λ1 curves in Fig. 9 b show the shape evolution of x 1 x 3 cross-section as λ2 increases from 1 to 5

(arrow direction). The baseline case of isotropic hydrogel without microfibers ( ̄E = 0) still extends along the 45 ° line. Intrigu-

ingly, even though the in-plane stiffness is reinforced by the distributed microfibers, the μFRG is rather more deformable

in the in-plane direction ( x 1 ) than in the out-of-plane direction ( x 3 ), as shown in Fig. 9 b. Therefore, all λ3 - λ1 curves in

Fig. 9 b are located above the baseline curve, in stark contrast to the results shown in Fig. 5 b. This counterintuitive finding

can be understood as follows. When a piece of hydrogel is uniaxially elongated, there exist two competing mechanisms

underpinning its deformation: The uniaxial stretch along x 2 direction causes the x 1 x 3 cross-section to contract due to the

Poisson’s effect, while the contraction is compensated by the expansion of hydrogel due to water absorption. The existence

of microfibers intervenes the competition of these two mechanisms through its spatial distribution. As in the case discussed

in Section 3.1 ( Fig. 5 a), the resistance to contraction in the x 1 direction contributed by the perfectly aligned microfibers is

considerable, so that the material contracts much more readily in the out-of-plane x 3 direction. Therefore, the deformation

of the μFRG is dictated by the mechanism of Poisson’s effect. In contrast, when the microfibers are uniformly distributed in

the x 1 x 2 -plane ( Fig. 9 a), the resistance against the contraction in the x 1 direction significantly diminishes and thus the mag-

nitude of contraction due to Poisson’s effect along the x 1 and x 3 directions are comparable. For this reason, the expansion

due to water absorption becomes the dominating factor in determining the final shape of the x 1 x 3 cross-section: the hydro-

gel expands more in the x 3 direction, rendering the overall out-of-plane contraction less than that in the x 1 direction. More

intriguingly, the out-of-plane dimension of the cross-section does not deform monotonically as the μFRG gets stretched in

the x 1 direction. For example, the magnitude of λ3 corresponding to Ē = 0 . 25 Nν reduces at first but then increases, which

further indicates that the expansion due to water absorption in the x 3 direction becomes increasingly dominant as the hy-

drogel elongates along the x 2 direction. We plot the volume ratio J as a function of the applied stretch λ2 in Fig. 9 c. It can

be concluded that the water absorption is bounded and the μFRG containing stiffer microfibers tends to absorb less water,

which is in contrast to the μFRG with perfectly aligned microfibers, suggesting that the water absorption behavior of μFRG

can be programmed by tuning the microfiber distribution. 

3.3. Anisotropic hydrogel with microfibers following in-plane von Mises distribution 

In general, the microfibers are not necessarily perfectly aligned or follow a uniform in-plane arrangement in μFRG.

For instance, the fiber alignment extent is usually affected by the applied stimuli during fabrication ( Mredha et al., 2018 ;

Omidinia-Anarkoli et al., 2017 ; Tseng et al., 2014 ). As a more general case, we next examine the μFRGs with microfibers

following an in-plane von Mises distribution ( Tonge et al., 2013 ; Xiao et al., 2016 ). The probability distribution function of

the von Mises distribution is given by 

ρ( θ | θ0 , κ) = 

e κ cos 2 ( θ−θ0 ) 

2 π I 0 ( κ) 
(25)

where θ0 indicates the dominant fiber direction in the plane where microfibers lie in, angle θ denotes the fiber orientation

angle in the plane and θ − θ ranges from 0 to π , κ is the concentration factor measuring the spread of the fiber distribution
0 



12 J. Cheng, Z. Jia and T. Li / Journal of the Mechanics and Physics of Solids 138 (2020) 103893 

Fig. 8. Anisotropic stress response of μFRGs with microfibers following an in-plane uniform distribution. Schematics of μFRGs subjected to uniaxial tension 

(a) in the x 1 x 2 -plane and (b) in the direction normal to the plane. Stress-stretch relation of μFRGs with different microfiber properties are presented: (c) 

Ē = Nv , B = 1, (d) Ē = 0 . 5 Nv , B = 1, (e) Ē = Nv , B = 0.5, and (f) Ē = 0 . 5 Nv , B = 0.5. 

Fig. 9. Anisotropic contraction of the cross-section perpendicular to the loading direction. (a) Schematic of uniaxial loading in the x 2 direction. (b) Con- 

traction of the x 1 x 3 cross-section for four cases: Ē = 2 Nv , Ē = Nv , Ē = 0 . 25 Nv , and Ē = 0 (isotropic hydrogel without microfibers). (c) Volume ratio as a 

function of applied stretch λ2 . 
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Fig. 10. Polar plot of the von Mises distribution of microfibers with concentration parameter κ = 5, 2, 1, and 0 (uniform in-plane distribution). The fiber 

mean direction θ0 is taken to be 0 in making the plot. 

Fig. 11. Free dehydration of μFRG with microfibers following in-plane von Mises distribution (a) Schematic of the μFRG. (b) Anisotropic free deswelling of 

the μFRG. Here, Ē = Nv , B = 1, and κ= 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

around the preferred orientation θ0 , and I 0 (κ) = 

1 
π ∫ π0 e κ cos θ dθ is the first-kind hyperbolic Bessel function of order zero.

Plotted in Fig. 10 is the microfiber distribution at different concentration factors. The microfibers are highly concentrated if

κ is large; and become perfectly aligned as discussed in Section 3.1 when κ → ∞ . If κ is zero, the microfiber distribution

recovers the in-plane uniform distribution discussed in Section 3.2 . 

The μFRG with microfibers characterized by von Mises distribution with κ = 2 is depicted schematically in Fig. 11 a. The

microfibers are assumed to be arranged in the x 1 x 2 -plane and the x 1 direction is taken to be the dominant fiber direction

(then θ0 is set to be 0 for simplicity). Unlike the transversely-isotropic μFRGs analyzed in Section 3.1 and Section 3.2 , the

μFRG with microfibers following in-plane von Mises distribution is orthotropic. Equations of state are given in terms as the

principal stresses and stretches, 
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(26–3)

The μFRG studied here is orthotropic so that the free dehydration of the μFRG is characterized by three independent

stretches λ1 � = λ2 � = λ3 , which are shown as three curves in Fig. 11 b. When subjected to chemical potential change, the

μFRG undergoes the largest contraction along the x direction because of the lack of microfibers and the smallest shrinkage
3 
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Fig. 12. Stress response of μFRG under uniaxial tension. (a) Schematic of μFRG with microfibers featuring in-plane von Mises distribution. The μFRG is 

stretched along the fiber-rich direction. (b) The stress-stretch relation with different values of κ . All curves are sandwiched by two limiting cases, namely, 

the case with perfectly-aligned microfibers ( κ = ∞ ) and the case with uniformly-distributed microfibers ( κ = 0 ). 

Fig. 13. Anisotropic contraction of the cross-section perpendicular to the uniaxial tension. (a) Schematic of a μFRG with microfibers featuring von Mises 

distribution subjected to uniaxial tension along x 2 direction. (b) The two stretches characterizing the shape change of the x 1 x 3 cross-section. All curves are 

sandwiched by the two limiting cases. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

along the x 1 direction due to strong reinforcement. The dehydration of hydrogel without any microfibers are illustrated as

the baseline case. 

A μFRG under uniaxial stretch along the dominant fiber direction, namely, the x 1 direction, is schematically sketched

in Fig. 12 a. The stress response as a function of the applied stretch is plotted in Fig. 12 b, with various values of κ . As

expected, the stress-stretch curves with κ = 1, 2, 5 are bounded by the two limiting cases: the case of perfectly-aligned

microfibers ( κ = ∞ ) which sets the upper bound and the case of in-plane uniformly-distributed microfibers ( κ = 0 ) which

delineates the lower bound. The stiffness of the μFRG along the stretching direction strongly depends on the spread of the

fiber orientation: The more concentrated the fiber distribution (i.e., the larger κ), the stiffer the μFRG. 

We also examine the μFRG subjected to uniaxial stretch along the in-plane fiber-poor direction, namely, the x 2 direction,

as illustrated in Fig. 13 a. The shape shifting of the x 1 x 3 cross-section is described by the two stretches λ1 and λ3 . The rela-

tion between the two stretches is shown in Fig. 13 b with different values of κ . All λ3 - λ1 curves are sandwiched by the two

limiting cases of κ = ∞ and κ = 0 . As κ decreases, the λ3 - λ1 curve shifts from the bottom right of the figure to the upper

left corner. The shifting can be attributed to the competition between the two deformation mechanisms mentioned in the

preceding discussion on Fig. 9 b: If the microfiber distribution is highly concentrated (i.e., κ is large), the μFRG is signifi-

cantly stiffened along the microfiber-rich direction so that the contraction in this direction ( x 1 ) due to Poisson’s effect is less

than that in the out-of-plane direction ( x 3 ). However, as the microfiber distribution gets more dispersed, the deformation of

μFRG becomes dominated by the expansion due to water absorption. The contraction along x 3 induced by Poisson’s effect

is largely offset by the water-imbibing-induced expansion, such that the μFRG undergoes larger contraction along the x 1 
direction. 

In this section, we have explored the basic aspects of μFRGs featuring various microfiber orientations, including the

anisotropic free dehydration and anisotropic mechanical response under uniaxial tension. We will next apply the constitutive

model to wood-based hydrogels and investigate the deformation of a wood-hydrogel-based soft actuator. 

4. Modeling soft actuators driven by the drying of a wood-based hydrogel 

4.1. Wood-based hydrogels and soft actuator based on wood-based hydrogels 

Among the widespread applications of anisotropic soft materials, soft actuators capitalizing the anisotropic deformation

to achieve optimized actuation performance have garnered tremendous attentions. Recently, Kuang et al. developed a bi-

layer soft actuator by exploiting the drying of a wood-based hydrogel film with selectively aligned cellulose microfibers
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Fig. 14. Structure of chemically treated cellulose fibers. Cellulose microfibers (bundled CNFs) act as backbone providing strength and stiffness. The exposed 

cellulose nanofibers tethered to the backbone bundle are hydrophilic and can attract water molecules via hydrogen bonds. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

( Kuang et al., 2019 ). To construct the wood-based hydrogel, micro-sized natural cellulose fibers are processed through a

chemo-mechanical treatment which is widely adopted in the paper-making industry. The structure of a post-treatment

cellulose fiber is featured by a cellulose microfiber serving as the backbone with hydrophilic cellulose nanofibers teth-

ered to the backbone surface, as schematically illustrated in Fig. 14 . The microfiber backbone is formed by the bundling

of CNFs during the treatment. The nano-sized CNFs attached to the backbone possess a large number of hydroxyl groups

that facilitate the formation of inter-molecular bonding between individual CNFs and thereby assemble into a percolated

CNF network. Once brought into contact with water, the CNF network takes in water, eventually developing into a wood-

based hydrogel. It is worth noting that the wood-based hydrogel, by nature, is a microfiber reinforced hydrogel ( μFRG):

As sketched in Fig. 14 , the micro-sized backbone bundle acts as the reinforcement phase which provides stiffness and me-

chanical strength; CNFs tethered to the backbone form a hydrophilic network, absorbing and retaining water molecules. To

this end, the swelling/dehydration and deformation of the wood-based hydrogel can be simulated by the constitutive model

formulated in Section 2 , by approximating the mechanical behavior of CNFs by Gaussian chain model. 

Kuang et al. constructed a wood-hydrogel-based soft actuator by attaching a wood-based hydrogel (WG) film to a passive

polyimide (PI) substrate, as illustrated in Fig. 15 a and 15 b. Since the wood-based hydrogel is prepared in an aqueous solution

with relative humidity ( RH ) of 100%, exposing the bilayer actuator to air environment of RH < 100% (recall the chemical

potential of water is related to RH through μ = kT log RH ) may expel water from the wood-based hydrogel. The resultant

water loss is accompanied by a significant decrease in the volume of WG, while the volume of the PI substrate remains

unchanged, thereby driving the actuation of the bilayer to scroll up toward the WG side. The orientation of the cellulose

microfibers, i.e., the backbone, can be tuned by the evaporation-assisted circulation flow, such that the WG/PI actuator

can be fabricated with microfibers aligned parallel to the width of the WG film (see schematic of the structure in the

top panel of Fig. 15 a). Compared to the WG/PI actuator with randomly-distributed cellulose microfibers (bottom panel of

Fig. 15 a), it has been experimentally revealed that a WG/PI actuator with aligned microfibers exhibits an enhanced actuation

performance, as schematically shown in Fig. 15 b. 

4.2. Analysis and results 

The bilayer bending problem driven by differential deformation is a classic topic of mechanics of materials. An analytical

solution was provided by Timoshenko to the bending of linear elastic bilayers due to the mismatch in thermal expansion

between the two layers ( Timoshenko, 1925 ). Unfortunately, this specific problem of wood-based hydrogel drying on a poly-

imide substrate is not one of the perfectly suitable cases for the Timoshenko’s solution. The volumetric strain of wood-based

hydrogel due to the loss of water is anisotropic and nonlinear, because of the arrangement of cellulose microfibers and the

interaction between cellulose nanofibers and water molecules. Although it was a common practice to model the moisture

absorption process of wood using a thermal expansion analogy, the nonlinear and anisotropic volumetric strains of the

wood-based hydrogel due to water loss cannot be prescribed in an a priori manner but should be solved as part of the

boundary value problem. The constitutive model for the μFRGs described in Section 2 directly links the anisotropic behav-

ior of μFRGs to their microstructures, such that it is more physically rigorous to adopt the model to study the deformation

mechanism of WG/PI soft actuator than to exploit the thermal-expansion analogy. As discussed in Section 2 and Section 3 ,

the drying process of wood-based hydrogel can be modeled by varying the chemical potential μ. The volumetric strains of

the wood-based hydrogel, namely, λ1 , λ2 , and λ3 , can be evaluated by solving the equations of state shown in Eq. (18) with

appropriate boundary conditions. 

Most general cases of bilayer bending do not lend themselves to analytical solutions where the bilayer structures

are made of hyperelastic materials with finite thick plies, unless certain forms of the material constitutive are satisfied

( Cabello et al., 2016 ; Kanner and Horgan, 2008 ; Tsai et al., 2004 ) or certain assumptions about the bending kinematics are

made ( Xiao, 2016 ). In demonstrating the present constitutive model for μFRGs, we focus our attention on the situation

where the thickness of the wood-based hydrogel film is very thin compared to the thickness of the PI substrate. As a result,

the material state variables (strain, stress, and water concentration, etc.) remain the same through the film thickness, so

that the resultant force on the WG cross-section is given by 

P = S 2 b h (27)
f 



16 J. Cheng, Z. Jia and T. Li / Journal of the Mechanics and Physics of Solids 138 (2020) 103893 

Fig. 15. Wood-based hydrogel (WG) film drying on a polyimide (PI) substrate. (a) Schematic of an anisotropic soft actuator with cellulose microfibers 

perfectly aligned along the width of the film and an isotropic actuator with microfibers randomly (i.e., uniformly) distributed in the wood-based hydrogel 

film. (b) An illustration of the sequential bending of the WG/PI soft actuator at various water loss levels. (Reproduced from ( Kuang et al., 2019 )) (c) Free 

body diagram of the bilayer upon WG film shrinkage. (d) Schematic of the bending of the bilayer. (e) Bending curvature of the anisotropic soft actuator 

as a function of chemical potential. (f) Bending curvature of the anisotropic soft actuator as a function of the volume ratio. (g) Bending curvature of the 

isotropic soft actuator as a function of chemical potential. (h) Bending curvature of the isotropic soft actuator as a function of the volume ratio. 
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where h f and b are the thickness and the width of the wood-based hydrogel film, respectively. The resultant axial force P

of the WG film is transferred to the PI substrate via the WG/PI interface, generating a moment M to the PI substrate and

causing the bending of the entire bilayer structure ( Fig. 15 c). The bending moment is given by 

M = P h s / 2 (28)

where h s denotes the thickness of the PI substrate. Considering the slender PI substrate as an Euler beam, the bending

radius R of the actuator can be obtained as 

1 

R 

= 

6 P 

E s h 

2 
s b 

(29)

where E s is Young’s modulus of the substrate. The deformation compatibility requires that length of the WG film equals the

length of the PI substrate at the interface, providing an additional equation relating the resultant force P to the longitudinal

stretch λ2 of the film as 

λ2 = − 3 P 

E s h s b 
+ 1 (30)

Combining Eqs. (27) and (30) , one gets that 

S 2 = 

1 − λ2 

3 
E s 

h f 
h s 

(31)

By taking the WG layer as a sufficiently thin film, the out-of-plane stress component (stress normal to the wood-based

hydrogel surface) of the WG film vanishes, i.e., S 3 = 0 . Moreover, contraction of the WG film along the width direction of

the film is strongly restricted by the underlying PI substrate, such that λ1 = 1 . Therefore, for a WG/PI soft actuator with

cellulose microfibers aligned parallel to the width of the film, the governing equations for the bending of the soft actuator

is comprised of two independent equations that 

Nv 
�2 

0 

(
�0 λ2 − �−1 

0 λ−1 
2 

)
+ �−3 

0 λ−1 
2 

[
J �3 

0 log 

(
1 − 1 

J �3 
0 

)
+ 1 + 

χ

J �3 
0 

− μ

kT 
J �3 

0 

]
= 

E s ν

kT 

1 − λ2 

3 

h f 
h s 

(32–1)

Nv 
�2 

0 

(
�0 λ3 − �−1 

0 λ−1 
3 

)
+ �−3 

0 λ−1 
3 

[
J �3 

0 log 

(
1 − 1 

J �3 
0 

)
+ 1 + 

χ

J �3 
0 

− μ

kT 
J �3 

0 

]
= 0 (32–2)

where J = λ2 λ3 . Eqs. (32) introduce two dimensionless parameters, E s ν
kT 

being Young’s modulus of the elastic PI substrate

normalized by kT 
ν , and 

h f 
h s 

being the thickness ratio between the WG film and the PI substrate. In the following calculations,

the material properties being used are, for hydrogel matrix Nv = 0 . 008 , χ = 0 . 2 ; for microfibers the stiffness parameter

E = 2 Nv , and the shape parameter B = 1 ; for the PI substrate, Young’s modulus is estimated as E s = 5 Nv . 
Likewise, for the WG/PI soft actuator featuring randomly (uniformly)-distributed cellulose microfibers, the equations of

state are 
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Ē 

2 πB 

∫ 2 π
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e B ( λ

f −1 ) − 1 
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λ2 sin 

2 θ

λf 
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E s ν

kT 

1 − λ2 
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h f 
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(33–1)
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0 λ−1 
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[
J �3 

0 log 

(
1 − 1 

J �3 
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)
+ 1 + 

χ

J �3 
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− μ

kT 
J �3 

0 

]
= 0 (33–2)

We solve Eqs. (32) and (33) for λ2 and λ3 at various chemical potential μ. Then the bending curvature is evaluated by

plugging Eqs. (27) and (31) into Eq. (29) . The volume ratio is obtained by using J = λ2 λ3 ( λ1 = 1 ) as a measurement of the

water loss level. The bending curvature (i.e., 1/ R ), a measurement of the actuation performance, is plotted as a function of

the chemical potential ( Fig. 15 e and 15 g) and the volume ratio ( Fig. 15 f and 15 h). As the chemical potential μ decreases, the

WG film continues to lose water, giving rise to the increase of bending curvature. The degree of bending gradually saturates

as water content is depleted ( Fig. 15 e and 15 g). A comparison between the WG/PI actuator exhibiting aligned microfibers

( Fig. 15 e and 15 f) with the actuator featuring uniformly-distributed microfibers ( Fig. 15 g and 15 h) demonstrates that the

anisotropic WG configuration enables a bending curvature 2 to 2.5 times higher than its isotropic counterpart. The superb

performance of the anisotropic soft actuator can be understood as follows: When the cellulose microfibers are aligned along

the width of the film, the contraction in the longitudinal direction of the active WG film is not intervened by the cellu-

lose microfibers. In contrast, when the cellulose microfibers are randomly (i.e., uniformly) oriented, the contraction of the

actuator is restricted by the cellulose microfibers, causing reduced bending curvature. In addition, all cases in Fig. 15 are

solved at various thickness ratios of h f / h s . As expected, a thicker WG film leads to a larger actuation displacement. As the

chemical potential decreases, the CNF hydrogel continues to lose water but the deformation approaches to a final shape as
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Fig. 16. (a) Bending curvature as a function of thickness ratio h f / h s evaluated at μ/ kT = −1. (b) Lifting force of the WG/PI actuator as a function of volume 

ratios for anisotropic WG active layer and in-plane isotropic WG active layer. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

water content has been depleted. The final curvature is evaluated at μ/ kT = −1. The dependence of the bending curvature on

h f / h s is also shown in Fig. 16 a, for both aligned CNF and randomly distributed CNF actuators. 

We also calculate the lifting force by clamping the WG/PI bilayer stripe in the axial direction. The lifting force is the

reaction force induced over the two ends where the fixed boundary condition is applied. Fig. 16 b plots the lifting forces as a

function of the volume ratio. It can be concluded that the anisotropic actuator has a lifting capacity approximately 1.5 times

higher than the actuator with randomly distributed fibers. 

5. Conclusion 

From the perspective of micromechanics, we establish a physics-based constitutive model suitable for microfiber-

reinforced anisotropic hydrogels. The hydrogel/microfiber material system can be described by a thermodynamics free en-

ergy composed of three terms: the strain energy related to the polymer network deformation, the mixing energy due to the

water association with hydrophilic polymer chains, in addition to the free energy stemming from the strained microfibers.

We adopt the Fung-type elastic model to capture the nonlinear behavior of cellulose microfibers in wood-based hydrogels.

The proposed constitutive model accounts for three-dimensional directional distributions of microfibers, enabling the inves-

tigation of hydrogels with arbitrary fiber configurations. For three different types of microfiber configurations, namely, the

perfectly aligned microfibers, microfibers uniformly distributed in a plane, and microfibers following in-plane von Mises dis-

tribution, we examine the anisotropic mechanical behaviors of the μFRGs in terms of free swelling/dehydration and uniaxial

tension. Theoretical predictions of the stress-strain behaviors of PAM hydrogels reinforced by cellulose fibers agree well with

experimental results. Moreover, we demonstrate the proposed constitutive law is suitable for wood-based hydrogels, an ag-

gregate of nanocellulose network and water molecules, reinforced by micro-sized cellulose bundles. The constitutive model

is applied to the wood-based hydrogel to evaluate and compare the actuation performance of WG/PI bilayer actuators with

anisotropic and in-plane isotropic WG layer. We expect the proposed model to deliver insight into the deformation mechan-

ics of microfiber reinforced anisotropic hydrogels such as wood-based hydrogels and promote the development of this novel

type of anisotropic soft materials towards soft machines with enhanced functional applications. 
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Appendix A. The modified Fung-Type model 

To simulate the effective stress-strain law of biological fibers, such as collagen fibers, that cannot support compression,

the simplest approach is to modify the Fung-type model by setting S fiber = 0 for λf < 1, where λf = 

√ 

N · CN = 

√ 

I 4 is the

fiber stretch. Note that I 4 is the pseudo-invariants of C and N �N ( Holzapfel, 20 0 0 ). The fiber stress-strain relationship thus

takes the form that 

S fiber = 

{ 

0 , i f λf < 1 

E 

B 

[ 
e B ( λ

f −1 ) − 1 

] 
, i f λf ≥ 1 

(A1)

The modified Fung-type model can be incorporated into the theoretical framework developed in this work to investigate

the deformation of anisotropic hydrogel reinforced by collagen fibers. All equations of state can be solved numerically via

Newton-Raphson method. 

Appendix B. Mechanical behavior of anisotropic hydrogels with fixed water content 

The wood-based hydrogel reported by Kong et al. ( Kong et al., 2018 ) does not exchange water with the environment,

such that the water content and the volume of the gel are conserved. To model its stress-strain behavior and compare the

theoretical predictions to the experimental results, we modify the free energy in Eq. (13) by fixing the volume ratio J , i.e., 

W ( F ) = 

NkT 

2�3 
0 

[
I 1 �

2 
0 − 3 

]
+ 

∫ 2 π

0 

∫ π

0 

U fiber ( F | N ) ρ( θ, φ) sin φdφdθ + D (B1)

where D = − NkT 

�3 
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log (J�3 
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) − kT 

ν�3 
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[(J�3 
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− 1) log ( 
J�3 
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J�3 
0 
−1 

) + 

χ

J�3 
0 

+ 

μ
kT 

(J�3 
0 

− 1)] is a constant. As mentioned above, the volume

ratio J = det(F ) is fixed. To enforce this constraint, we add the free-energy function W ( F ) a term p[ J − det(F )] , where p is a

Lagrange multiplier. Then the principal nominal stress in the μFRG can be obtained as 

S i 
kT / v 

= 

Nv 
�0 

λi −
p 

λi 

+ 

ν

kT 

∫ 2 π

0 

∫ π
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∂ U fiber 

∂ λf 

∂ λf 

∂ λi 

ρ( θ, φ) sin φdφdθ (B2)

where i = 1 , 2 , 3 . For the cellulose-fiber-reinforced PAM hydrogel reported by Kong et al., all fibers are aligned along the

longitudinal direction of the gel, which is defined as the x 1 direction here. By adopting a Fung-type fiber model given in

Eq. (17) , the uniaxial stress-strain behavior is given by 

S i = 

NkT 

�0 

(
λ − λ−2 

)
+ 

E 

B 

[
e B ( λ−1 ) − 1 

]
(B3)

where λ − 1 gives the engineering strain. Eq. (B3) is used to plot the stress-strain curve of cellulose-fiber-reinforced PAM

hydrogel shown in Fig. 6 a and 6 b. 
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