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Recent experiments and first-principles calculations show the two-step lithiation of
amorphous silicon (a-Si). In the first step, the lithiation progresses by the movement of a
sharp phase boundary between a pristine a-Si phase and an intermediate Liη Si phase until
the a-Si phase is fully consumed. Then the second step sets in without a visible interface,
with the Liη Si phase continuously lithiating to a Li3.75 Si phase. This unique feature of lithiation is believed to have important consequences for mechanical durability of a-Si
anodes in lithium ion batteries, however the mechanistic understanding of such consequences is still elusive so far. Here, we reveal an intrinsic stress mitigation mechanism
due to elastic softening during two-step lithiation of a-Si, via chemo-mechanical modeling. We find that lithiation-induced elastic softening of a-Si leads to effective stress mitigation in the second step of lithiation. These mechanistic findings allow for the first time
to quantitatively predict the critical size of an a-Si anode below which the anode becomes
immune to lithiation-induced fracture, which is in good agreement with experimental
observations. Further studies on lithiation kinetics suggest that the two-step lithiation
also results in a lower stress-induced energy barrier for lithiation. The present study reveals the physical underpinnings of previously unexplained favorable lithiation kinetics
and fracture behavior of a-Si anodes, and thus sheds light on quantitative design guidelines toward high-performance anodes for lithium ion batteries.
& 2016 Elsevier Ltd. All rights reserved.
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1. Introduction
There are surging interests recently in exploring new high-capacity anode materials for next-generation high-performance lithium ion batteries (Armand and Tarascon, 2008; Tarascon and Armand, 2001; Yang et al., 2010). Silicon is emerging
as the most promising anode material, given its theoretical capacity as high as ten times as that of conventional graphitebased anodes (Li and Dahn, 2007; Obrovac and Christensen, 2004; Wu and Cui, 2012). However, the large volume change
(  300%) during lithium insertion/extraction may fracture the active silicon anodes and solid-electrolyte interface (Wang
et al., 2015; Zhao et al., 2012a), resulting in irreversible capacity fading (Chan et al., 2008; Liu et al., 2011, 2012c). Intensive
research efforts have been focused on mitigating lithiation-induced mechanical failure of anodes by developing nanostructured anodes, e.g., nanowires (Bogart et al., 2014; Chan et al., 2008; Karki et al., 2012; Lee et al., 2015), nano-sized thin
films (Takamura et al., 2004), nanoporous structures (Baggetto et al., 2011; Kim et al., 2008; Liu et al., 2013; Lu et al., 2015),
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Fig. 1. Schematic of the two-step lithiation of an a-Si nanoparticle anode. In the first steps (a)–(c), the lithiation advances by a two-phase mechanism with
a sharp amorphous–amorphous interface between the a-Si phase and the Liη Si phase migrating inward until the a-Si phase is fully consumed, resulting in a
nanoparticle in Liη Si phase. In the second step (c) and (d), the Liη Si phase further lithiates to a Li3.75 Si phase without a visible interface. The value of
intermediate lithiation level η is estimated to be 2.5 by in situ TEM observation and be 2 by ab initio calculations.

nanoparticles (Chen et al., 2015; Haftbaradaran et al., 2012; Lu et al., 2015; Soni et al., 2012; Xu and Zhao, 2015) and
nanowalls (Wan et al., 2014). The success of developing high performance silicon-based anodes hinges upon the fundamental understanding of lithiation mechanism, which in turn strongly affects the associated stress evolution, fracture behavior and lithiation kinetics of such anodes (Cui et al., 2013b; Gu et al., 2014; Jia and Li, 2015; Luo et al., 2015; Yang et al.,
2015). Significant progress aside, the existing mechanistic understanding in these regards is far from being mature.
Recent in situ transmission electron microscope (TEM) studies show that the lithiation of crystalline silicon (c-Si) advances by the movement of an atomically sharp reaction front, which separates a pristine c-Si phase and an amorphous
Li3.75Si phase. In other words, the lithiation of c-Si occurs through a two-phase reaction (Goldman et al., 2011; Key et al.,
2009, 2011; Lee et al., 2011; Liu et al., 2012b; McDowell et al., 2013b; Zhu, 2015). A drastic change of Li concentration across
the amorphous–crystalline phase boundary results in significant volume mismatch, causing high stress and possible mechanical failure of the anodes. Moreover, it is shown that lithiation of c-Si is highly anisotropic, with predominant volume
expansion along 〈110〉 direction but negligibly small expansion along 〈111〉 direction, so that the fracture of c-Si anodes are
preferentially located between neighboring (110) planes (Lee et al., 2012; Liu et al., 2011; Pharr et al., 2012). This intriguing
fracture behavior is attributed to the intensified tensile hoop stress induced by the anisotropic volume expansion during
lithiation of c-Si.
Motivated by the needs to alleviate severe stress induced by anisotropic lithiation of c-Si anode, considerable efforts have
been devoted to designing amorphous silicon (a-Si) anodes, which is intuitively thought to be lithiated via one-phase
mechanism and thus has less heterogeneous volume expansion. Surprisingly, recent in situ TEM and first-principles calculations reveal that the lithiation of a-Si indeed occurs in a two-step process (Cubuk and Kaxiras, 2014; McDowell et al.,
2013a; Wang et al., 2013), as depicted in Fig. 1. In the first step, the lithiation advances by a two-phase mechanism with a
migrating amorphous–amorphous interface between a-Si phase and an intermediate Liη Si phase until the a-Si phase is fully
consumed. Then the second step of lithiation sets in without any visible electrochemical reaction interface, resulting in the
final product of Li3.75Si with a total volume expansion of  280% (Sun et al., 2013; Wang et al., 2013). The value of the
intermediate lithiation level η has not been conclusively determined yet. It is estimated to be 2.5 based on in situ TEM
observations (Wang et al., 2013), while first-principles calculations predict that the critical structural change between two
steps occurs around η ≈ 2 (Cubuk and Kaxiras, 2014). Without losing generality, in this study, the intermediate lithiation
phase is taken to be Li2.5Si, with η being 2.5. Fracture mechanics study dictates that there exists a critical size of nanoparticle
silicon anodes, above which the anode fractures during charging/discharging and below which the anode is immune from
the lithiation-induced fracture. Recent experiments show that such a critical size of a-Si anodes is larger than that of its c-Si
counterparts (Berla et al., 2014; McDowell et al., 2013a). While existing progress on developing a-Si anodes is encouraging,
fundamental understanding of the stress evolution during lithiation of a-Si, and particularly, the underlying mechanism of
stress mitigation by the two-step lithiation of a-Si anodes are highly desirable for optimal anode design but still remain
elusive so far.
In this work, we report a systematic mechanistic study of the two-step lithiation and the concurrent stress evolution in
a-Si nanoparticle anodes via chemo-mechanical modeling. Our case studies on both solid and hollow a-Si nanoparticle
anodes reveal that lithiation-induced elastic softening of a-Si leads to effective stress mitigation in the second step of
lithiation. We report a fracture mechanics model that allows for quantitative prediction of the critical sizes of a-Si and c-Si
nanoparticle anodes, in agreement with experimental observations. Further studies on lithiation kinetics suggest that the
two-step lithiation results in a lower stress-induced energy barrier for lithiation than that in the one-step lithiation. The
mechanistic findings from the present study can offer quantitative insights in optimal design guidelines toward high-performance a-Si anodes. Given that the two-step charging also occurs in electrodes in other battery systems (e.g., tin anodes in
sodium-ion batteries) in a similar fashion (Wang et al., 2012), the present model thus can potentially shed light on developing a class of new anode materials for advanced battery technology.
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The structure of the article is organized as follows. Section 2 describes a chemo-mechanical model for the two-step
lithiation process of an a-Si particle. Section 3 reports numerical and analytical results on the stress generation and mitigation in an a-Si particle under two-step lithiation. The influence of the intrinsic stress mitigation mechanism and lithiation
kinetics of the a-Si particle are discussed in Section 4 and Section 5, respectively. Conclusions are given in Section 6.

2. A chemo-mechanical modeling scheme for two-step lithiation
Recent first-principles calculations predict that, during the second step of lithiation, the lithiated anode always stays in
the same structural phase Lix Si with a uniform lithium concentration (Cubuk and Kaxiras, 2014), indicating a homogeneous
volume expansion during the second step. In contrast to highly anisotropic lithiation of c-Si, lithiation of a-Si is rather
isotropic (McDowell et al., 2013a). First-principles calculations also reveal that Young’s modulus and Poisson’s ratio of lithiated silicon both decrease with increasing Li concentration from 160 to 40 GPa and from 0.24 to 0.22 in a linear manner
(Shenoy et al., 2010; Yang et al., 2012; Zhao et al., 2011). As to be shown later, such lithiation-induced elastic softening
significantly affects the stress evolution in a-Si during lithiation and plays a pivotal role in dictating the lithiation kinetics
and fracture behavior of a-Si anode.
Inspired by the in situ TEM observations and results from first-principles calculations, we develop a chemo-mechanical
modeling scheme to simulate the two-step lithiation of a-Si nanoparticles and the concurrent stress evolution, using
commercial finite element method package ABAQUS 6.13. In order to mimic the migration of the amorphous–amorphous
interface in the first step of lithiation, a spherical a-Si particle model is evenly divided into N number of shells, where N
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Fig. 2. Evolution of lithium concentration and resulting stresses in an a-Si particle during the two-step lithiation. (a) Radial distribution of normalized
lithium concentration C at five representative stages during the two-step lithiation. The first step of lithiation advances via a two-phase mechanism, with a
sharp a-Si/Li2.5 Si interface migrating inward. In the second step, the lithium concentration distribution within the particle is uniform and ramps up from
0.67 (Li2.5 Si ) to 1 (Li3.75 Si). The corresponding stress distributions (σvM , σθ , σr ) in the first step of lithiation (b) and (d) and stress distributions in the second
step of lithiation (e) and (f) are given with illustrations showing the phases within the particles.
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denotes an integer which takes a value between 50 and 100, depending on the particle size. In the simulation, these shells
are sequentially lithiated one by one from outer ones to inner ones by prescribing a normalized concentration C = 0. 67 on
each shell sequentially (C is defined by C =

x
3 . 75

for any phase of Lix Si; namely, C = 0 represents a-Si phase, while C¼ 1 the

Li3.75 Si phase), which is corresponding to the Li2.5 Si phase. Experimental evidence on c-Si has accumulated that the reaction
front is atomically sharp with a thickness of  1 nm (Liu et al., 2012b). In our simulation on a-Si, the thickness of the
amorphous–amorphous interface is determined by the thickness of each shell, which is set to be 2 nm to make a compromise between numerical expense and simulation accuracy. The second-step lithiation of a-Si is homogeneous with zero
gradients of lithium concentration within a-Si particles (Cubuk and Kaxiras, 2014). Therefore, in the simulation, during the
second step of lithiation, the normalized lithium concentration C is taken to be spatially uniform within the lithiated silicon
particle and ramps from 0.67 to 1 as the second step of lithiation proceeds.
The large and permanent deformation driven by the two-step lithiation can be described by a rate-form finite-strain
plasticity theory, in which the deformation is characterized by the stretch rate tensor D . The total stretch rate tensor D of
lithiated silicon can be expressed as

D=D P+D E+D L ,

(1)

where DP , DE , DL are the plastic, elastic and lithiation-induced volumetric parts of stretch rate tensor, respectively. The
lithiation-induced volumetric stretch rate DL is dilational and proportional to the rate of the normalized lithium concentration Ċ , i.e., DL =βĊ I . Here, β is the lithiation-induced volume expansion coefficient which is analogous to thermal
expansion coefficient and it is taken to be 0.6 to model the 300% volume change at full lithiation (Wang et al., 2013). I is the
identity tensor. The lithiated Lix Si (0 < x ≤ 3. 75) phase is considered to be linear-elastic and perfectly-plastic. Specifically,
the rate of stress measure can be related to the elastic stretch rate tensor by (Bower et al., 2011; Yang et al., 2014)

τ∇=

⎤
ELix Si ⎡ E
ν
D Ekk I⎥.
⎢D +
⎦
1 +ν⎣
1 − 2ν

(2)

τ∇

Here,
is the Jaumann rate of the Kirchhoff stress τ . ELix Si and ν denote the Young’s modulus and Poisson’s ratio, respectively, and both vary linearly with normalized Li concentration C from 160 GPa to 40 GPa and from 0.24 to 0.22 respectively. The plastic stretch rate DP can be determined by classical J2 flow rule and the yield strength σ Y is taken to be
1 GPa (Sethuraman et al., 2010). Based on the abovementioned framework, the lithiation-induced deformation field can be
obtained by solving boundary-value problems numerically via finite element method.

3. Stress evolution in a-Si particle anodes
3.1. Stress evolution in a solid a-Si particle: chemo-mechanical simulations
We first consider a pristine solid a-Si particle with an initial radius RO . Position of a material point in the a-Si particle is
specified by a radius R (0 ≤ R ≤RO ) in the unlithiated state. Fig. 2(a) plots the radial distribution of normalized lithium
concentration C at five representative stages during the two-step lithiation. In the first step, the lithiation advances via the
two-phase mechanism, with a sharp reaction interface (represented by a step function of C = 0 (pristine) ahead of reaction
front and C = 0. 67 (Li2.5 Si) in the wake, as shown in Fig. 2(a)) migrating inward. In the second step, the lithium concentration remains a uniform profile and gradually ramps up from 0.67 to 1 (Li3.75 Si), as pointed out by recent ab initio
calculations (Cubuk and Kaxiras, 2014).
Fig. 2(b)–(f) shows the stress evolution during the two-step lithiation by plotting the radial distribution of three stress
components (von Mises stress σvM , hoop stress σθ and radial stress σr , respectively, normalized by the yield stress of a-Si, σ Y )
at the five representative stages defined in Fig. 2(a). In the first step of lithiation (Fig. 2(b) and (c)), the unlithiated core of the
a-Si particle is under increasing hydrostatic compression as the lithiation advances. The hydrostatic nature of stress results
in a zero von Mises stress in the unlithiated core. At the reaction front, the constraint from the inner unlithiated core acts
against the lithiation-induced volume expansion of the outer partially lithiated Li2.5 Si phase. As a result, the Li2.5 Si phase at
the reaction front is under compressive stresses σθ and σr ; and the resulting von Mises stress readily exceeds the yielding
strength, causing yielding of the partially lithiated a-Si phase on the reaction front. In the outer partially lithiated shell, the
stress state is highly triaxial. The radial stress σr in the Li2.5 Si shell is compressive, and gradually decreases to zero from the
reaction front to the free outer surface of the particle. Due to the “pushing-out” effect (Huang et al., 2013), the Li2.5 Si shell
undergoes elastic unloading and the hoop stress σθ gradually becomes tensile in the shell and eventually reaches σ Y at the
external surface of the particle. Such a triaxial stress state leads to the complete yielding of the whole Li2.5 Si shell
(i.e.,σvM ¼ σ Y ). Stress profile in the a-Si particle during the first step is very similar to that in a c-Si particle during lithiation,
with the similarity resulting from the reaction-controlled two-phase lithiation (Liu et al., 2011, 2012c; Yang et al., 2012; Zhao
et al., 2012b).
In the second step of lithiation, the most salient feature of stress evolution is the stress relaxation associated with the
advance of lithiation stage, which is absent in the lithiation of c-Si. As evident from Fig. 2(d)–(f), the amplitudes of both σθ
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Fig. 3. Evolution of hoop stress at the surface layer of the particle undergoing the real two-step lithiation process and two hypothetical lithiation scenarios.
(a) Two-step lithiation mechanism with elastic softening. Hoop stress linearly drops with increasing SOC during the second step of lithiation. Representative snapshots (i)–(iii) are shown to reveal hoop stress profiles at representative stages. (b) One-step lithiation mechanism, similar to that in c-Si,
with elastic softening. The hoop stress remains to be σ Y until the completion of lithiation. (c) Two-step lithiation mechanism with constant elastic modulus.
No relaxation of hoop stress occurs.

and σr decrease significantly upon further lithiation, which leads to the drop of von Mises stress level in the particle. In
particular, the tensile hoop stress at the outer surface of the a-Si particle contributes the most to the driving force for anode
fracture (Liu et al., 2012c; Zhao et al., 2012b). Results in Fig. 2(d)–(f) show that the amplitude of such a stress decreases from
σ Y at the end of the first step (Fig. 2(d)), to 0. 76σ Y when the particle is lithiated to Li3Si (Fig. 2(e)), and finally to 0. 49σ Y at
fully lithiated state of Li3.75 Si (Fig. 2(f)). In other words, the two-step lithiation can effectively mitigate the lithiation-induced
stress, the key mechanism for the increased critical size of a-Si nanoparticle anodes in comparison with their c-Si counterparts. A more quantitative comparison of the critical anode size between a-Si and c-Si will be given later.
To further reveal the underlying mechanism of the unique stress relaxation during the second step of lithiation, we
compare the evolution of the hoop stress σθ at the outer surface of the a-Si particle (R = RO ) during real lithiation process and
under another two hypothetical lithiation scenarios. Note there are two salient features associated with the real lithiation
process of a-Si: (i) the real lithiation process occurs via a two-step lithiation mechanism and (ii) the elastic modulus of the
lithiated silicon decreases linearly with lithium concentration. Fig. 3(a) plots σθ at R = RO as a function of the state of charge
(SOC) in real lithiation process. Here the state of charge (SOC) is defined as: SOC = C (RO3−r 3f ) /RO3. In the first step of lithiation,

C = 0. 67 and rf decreases from RO to 0, giving SOC = 0 for unlithiated particle and SOC = 0. 67 at the end of the first step. In
the second step of lithiation, rf =0 while normalized concentration C ramps from 0.67 to 1 upon charging, eventually leading
to SOC = 1 at full lithiation of the particle. In Fig. 3(a), the onset of lithiation from the outer surface poses a dilational strain
due to lithium insertion. Owing to the constraint from the inner unlithiated core, significant compressive stress develops at
the outer surface and reaches material yielding in compression, i.e., σθ = − σ Y , at R = Ro . As the sharp reaction front advances
toward the center of the particle, lithiation-induced swelling pushes out the Li2.5 Si phase behind the reaction front and thus
causes elastic unloading of compression, then tensile elastic loading and finally tensile plastic yielding (i.e., σθ =σ Y , at
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ui = 0. 0035 − 5. 6e−6 +1. 09e−9w 2−1. 2e−14 ) in the hoop direction of the outer surface. The tensile plastic yielding maintains
until the end of the first lithiation step (SOC = 0. 67). In the second step of lithiation (0. 67 < SOC ≤ 1), hoop stress at the
outer surfaces decreases linearly from σ Y to 0. 49σ Y at full lithiation (SOC = 1). Fig. 3(b) plots the evolution of the hoop stress
at the outer surface of the same a-Si particle undergoing a hypothetical one-step two-phase lithiation process, similar to that
in a c-Si particle. The elastic modulus of lithiated silicon is still taken to be linearly dependent on lithium concentration as in
real lithiation process. While the initial transition from compressive plastic yielding to tensile plastic yielding is the same as
in Fig. 3(a), the tensile hoop stress at the outer surface remains as high as σ Y upon completion of full lithiation. In other
words, no stress relaxation occurs. Fig. 3(c) further plots such a stress evolution for another hypothetical scenario, in which
the a-Si particle undergoes the same two-step lithiation as in the real scenario but the elastic modulus of the lithiated silicon
is assumed to be independent of the lithium concentration (i.e., 160 GPa for all Li–Si phases). It is shown that the high hoop
stress at the outer surface is not relaxed even though the a-Si particle is lithiated through a two-step process. The above
comparison between the real and two hypothetical scenarios suggests that the two-step lithiation as well as the lithiationinduced elastic softening of a-Si are two key underlyings for the stress relaxation during lithiation of a-Si.
3.2. Stress evolution in a solid a-Si particle: validation by theoretical analysis
As an effort to validate the simulation results shown above, we next present a theoretical analysis of the lithiationinduced stress field in a solid a-Si particle undergoing two-step lithiation. The stress field can be calculated by a theoretical
model considering concurrent lithiation and plasticity (Jia and Li, 2015; Zhao et al., 2012b). We consider a pristine solid a-Si
particle with an outer radius RO as the reference state. In the reference configuration (i.e., unlithiated state, time t¼0), a
material point in the a-Si particle is located at the position with a radius R (0 ≤ R ≤RO ). After lithiation begins (t 40),
lithiation-induced deformation drives this material point to move to a new position with a radius r (R, t ) in the current
configuration. The reaction front at time t is characterized by its radius rf (t ) in the current configuration. The outer radius

rO (RO,t ) of the particle at time t increases due to lithiation. In our theoretical mechanistic model, the reference coordinate R is
used as an independent variable to describe the stress field under two-step lithiation. During the first step, the deformed
position r (R, t ) is given by

⎧ R(R ≤ r )
f
⎪
r ( R, t )=⎨
1/3
⎡
⎪ ⎣ r 3f +3 R3 − r 3f ⎤⎦ (r f <R ≤ RO )
⎩

(
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Fig. 4. Theoretical results of an a-Si particle undergoing two-step lithiation. (a) Hoop stress evolution at the particle surface (R = RO ) as a function of the
state of charge (SOC). The plastic yielding during the first step and the linear decreasing of hoop stress owing to elastic softening during the second step are
captured by the theoretical model. Insets illustrate the representative stages. Stress distributions (e.g., σr , σθ and σvM ) in the whole particle are plotted at
(b) an intermediate stage with r f /RO ¼ 0.42, (c) the start of second step (SOC = 0. 67) and (d) end of second step (SOC = 1). The theoretical prediction shows
remarkable agreement with the finite element modeling results shown in Fig. 2 and Fig. 3.
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It is worth noting that the elastic deformation is ignored in this formulation because it is trivial compared with the finitestrain plastic deformation during lithiation process. Eq. (3) fully describes the lithiation-induced deformation field because
all strain measures can be derived from it.
In the first lithiation step (0 ≤ SOC ≤ 0. 67), consider true strain rate calculated from Eq. (3) and follow the theoretical
framework developed by Zhao et al. (2012b), the Cauchy stress distribution within the lithiated particle is obtained

⎧ 2σ Y log ( r /rO )( r >r f )
σr =⎨
⎪
⎩ 2σ Y log (r f /rO )( r ≤ r f )

(4)

⎧ σ Y +2σ Y log ( r /rO )( r >r f )
⎪
σθ =⎨ − σ Y +2σ Y log (r f /rO )( r = r f )
⎪
⎩ 2σ Y log (r f /rO )( r <r f )

(5)

⎪

Again, r denotes the position of a material point in lithiated particle at time t and is given by Eq. (3), rf and rO represent
the radii of the sharp reaction front and the particle outer surface at time t, respectively. Eqs. (4) and (5) can characterize the
evolution of stress fields as a function of time t.
Given that SOC increases monotonically as time t increases, we can readily study the evolution of stress field in terms of
SOC which directly relates the stress distribution to its corresponding lithiation stage. At the beginning of the lithiation
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Fig. 5. Stress evolution in a hollow a-Si particle supported by an inner rigid core during the two-step lithiation. (a) Schematic of the hollow particle, with RI
being the inner radius, RO the outer radius and R the distance from an element to the center, in the unlithiated state. (b) Representative Li profiles C along
the radial direction are plotted as a function of (R − RI )/(RO−RI ). (c) and (d) Stress distributions (σvM , σθ , σr ) in the first step of lithiation. (e) and (f) Stress
distribution in the second step of lithiation. Compared with that in a solid a-Si particle, hoop stress is further released because of the compression induced
by the inner rigid core.
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(SOC → 0), the reaction front is right on the particle surface, that is, rf =rO . Note that in Eq. (3), the hoop stress at the reaction
front is given by σθ = − σ Y +2σ Y log

rf

( ). Therefore, at SOC → 0, we have
rO

σθ ( RO,SOC)= − σ Y (SOC = 0)

(6)

Subsequently, as the reaction front migrates towards the center of the particle, the material elements on the surface are
pushed outward, being part of the Li2.5 Si shell. As indicated by Eq. (5), the hoop stress within the lithiated shell is given by

σθ =σ Y +2σ Y log

( ). Therefore, hoop stress at the particle surface is
r
rO

σθ ( RO,SOC)=σY ,(0 < SOC ≤ 0. 67)

(7)

During the second step of lithiation, inserted Li atoms uniformly distribute in the anode particle (Cubuk and Kaxiras,
2014). As a result, the anode swells uniformly, without affecting the elastic and plastic strain profiles, i.e.
ϵije (R, SOC) = ϵije (R, 0. 67) and ϵijp (R, SOC) = ϵijp (R, 0. 67) with 0. 67 ≤ SOC ≤ 1, which is in agreement with the finite element
modeling results. Moreover, as aforementioned, the stiffness of Lix Si linearly decreases from 79. 6 GPa to 40GPa as x increases from 2.5 to 3.75 (Yang et al., 2012). Such stiffness softening reduces the stress level to the elastic region during the
second step. According to linear elasticity, it is obtained that

σr ( R, SOC) =

ELix Si
[ ( 1 − ν ) ϵre ( R, 0. 67) + 2νϵθe ( R, 0. 67)]
1
+
ν
(
)( 1 − 2ν)

(8)

and

σθ ( R, SOC) =

ELix Si

( 1+ν)( 1 − 2ν)

[ϵθe ( R, 0. 67)+νϵre ( R, 0. 67) ],

(9)

with 0. 67 ≤ SOC ≤ 1. Considering the negligible change of Poisson’s ratio during lithiation, the hoop and radial stresses
depends linearly on the Young’s modulus ELix Si during the second step of lithiation. Therefore, it is concluded that

σθ (R, SOC)=Ωσθ (R, 0. 67) and σr (R, SOC)=Ωσr (R, 0. 67) for 0. 67 ≤ SOC ≤ 1, where Ω =

ESi (1 − SOC) + ELi

3.75Si

SOC

ELi

2.5Si

. The stress dis-

tribution in the particle during the second step of lithiation (0. 67 < SOC ≤ 1) is then given by

σr =2Ωσ Y log ( r /rO )

(10)

σθ =Ωσ Y [1 + 2 log ( r /rO ) ],

(11)

Specifically, the hoop stress at particle surface during the second step can be calculated from Eq. (11)

σθ ( RO,SOC)=Ωσ Y ,(0. 67 ≤ SOC ≤ 1)
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Fig. 6. Evolution of hoop stress at the surface layer of the hollow a-Si particle undergoing (a) real two-step lithiation and (b) hypothetical one-step twophase lithiation. Direct comparison reveals that the second step of lithiation mitigates the high tensile stress at the surface layer.
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Evolution of hoop stress on the particle surface at various lithiation stages is fully captured by Eqs. (6), (7) and (12). The
result is summarized in Fig. 4(a), which agrees well with the finite element modeling results (Fig. 3(a)). The theoretical
model neglects the elastic deformation in the wake of the reaction front, which results in an abrupt change of hoop stress
from −σ Y to σ Y in Fig. 4(a) after the onset of lithiation. Nonetheless, such a difference between theoretical prediction and
finite element results plays a trivial role in determining the fracture behavior of the a-Si particle at the later stage of
lithiation.
Based on stress profiles given by Eqs. (4)–(5) and (10)–(11), Fig. 4(b) plots the radial distribution of the stress field at an
intermediate stage in the first step of lithiation (rf /RO=0. 42, same stage as in Fig. 2(c)); Fig. 4(c) and (d) plots the radial
distribution of the stress field at the beginning and the end of the second step of lithiation (i.e., SOC = 0. 67 and 1), respectively. The theoretical prediction in Fig. 4(b)–(d) shows remarkable agreement with the finite element modeling results
in Fig. 2(c), (d) and (f). The above theoretical analysis offers not only strong evidence to validate the finite element modeling
results but also a mechanistic understanding of the stress evolution during the two-step lithiation of a solid a-Si particle.
Our theoretical model reveals that, during the second lithiation step, all plastic strains ϵijp and elastic strains ϵije remain
unchanged (i.e., ϵijp=ϵije=0), in response to the homogeneous volumetric expansion. As a result, the lithiated Si particle deforms within the elastic behavior regime and thus the linear lithiation-induced elastic softening leads to the linear drop of
all stresses in the second step.
3.3. Stress evolution in a hollow a-Si particle
Recently, hollow nanostructured silicon anodes attract increasing attention due to their improved electric conductivity
and better mechanical integrity during charging/discharging cycles (Chen et al., 2012; Kim et al., 2008; Liu et al., 2012a;
Magasinski et al., 2010; Yan et al., 2013; Yao et al., 2011). Such hollow silicon anodes are often synthesized via deposition on
the surface of an inner core (e.g., SiO2, Fig. 5(a)), which in turn acts as mechanical support for the hollow silicon anodes.
We next carry out the similar chemo-mechanical modeling as that for the solid a-Si particle to understand the effect of
two-step lithiation on the stress evolution in such a hollow a-Si particle. Given that the elastic modulus of the inner core
(e.g., SiO2) is about 10 times as that of the lithiated silicon, it is reasonable to regard the inner core to be rigid, so that the
inner surface of the hollow a-Si particle is constrained and cannot deform. The pristine hollow a-Si particle has an inner
radius RI and an outer radius RO . We present the simulation results in terms of the radial coordinate R (distance from the
center to a material point in pristine particle) in the reference state. Fig. 5(b) plots the radial distribution of normalized
lithium concentration C at four representative stages during the two-step lithiation. Fig. 5(c)–(f) plots the radial distribution
of three normalized stress components (σvM /σ Y , σθ /σ Y and σr /σY , respectively) at these four stages. While the stress distribution and evolution during the first step of lithiation (e.g., Fig. 5(c) and (d)) are rather similar to those in a solid a-Si
particle (e.g., Fig. 2(b)–(d)), the stress evolution during the second step of lithiation shows different feature from its solid
counterpart. As shown in Fig. 5(e) and (f), once the reaction front hits the inner surface (i.e.,

R − RI
=0),
Ro − RI

the second step of

lithiation sets in. The hollow particle tends to swell homogeneously in response to the uniform lithiation in the second step.

Fig. 7. Stress-modulated energy barrier for lithiation reaction is plotted as a function of lithiation front position in (a) solid a-Si (blue dots) and c-Si (red
dots) particles and (b) hollow ones. Theoretical results (dashed lines) are also shown to benchmark the finite element modeling results. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)
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But the inner rigid core confines the outward radial expansion of the inner surface by applying a hydrostatic state of tension
at the inner surface, causing a transition of radial and hoop stresses from compressive to tensile near the inner surface. The
part near the free outer surface of the particle is hardly affected by the constraint at the inner surface. As a result, elastic
softening of lithiated silicon results in effective elastic unloading, causing tensile hoop stress near the outer layer to drop as
the second-step of lithiation advances.
Fig. 6(a) plots the evolution of the hoop stress at the outer surface of the hollow a-Si particle as a function of SOC in real
lithiation process, which shows the similar relaxation during the second step of lithiation. Different from the linear relaxation of the hoop stress in a solid a-Si particle (e.g., Fig. 3(a)), the relaxation of the hoop stress in a hollow a-Si particle is
nonlinear. This can be understood by the additional mechanical constraint of the rigid inner core, which poses further
compression of the layer near the outer surface in the hoop direction, and thus in turn leads to more unloading of the tensile
hoop stress. For example, at the end of full lithiation, the hoop stress in the outer surface of the hollow a-Si particle drops to
0. 17σ Y , much lower than the final hoop stress of 0. 49σ Y in the solid a-Si particle. On the other hand, as revealed by the
theoretical formulation, the linear stress relaxation for a solid a-Si particle results from vanishing strain increments ϵ̇ijp and ϵ̇ije
in response to homogeneous volume expansion. The existence of inner rigid core inside a hollow a-Si particle leads to
heterogeneous volume expansion, causing non-zero elastic strain increments ϵ̇ije near the outer surface. Consequently, the
combination of linear elastic modulus softening and changing elastic strains at outer surface results in the nonlinear drop.
Fig. 6(b) plots the evolution of the hoop stress at the outer surface of the hollow a-Si particle as a function of SOC for the
hypothetical scenario of one-step two-phase lithiation process. Similar with the hypothetical case of its solid counterparts
(Fig. 3(b)), the hoop stress at the outer surface of the particle remains as σ Y until the completion of lithiation without stress
relaxation, further suggesting the crucial role of two-step lithiation and elastic softening in mitigating the lithiation-induced
fracture of a-Si anodes.

4. Reaction-induced fracture during two-phase lithiation of a solid a-Si particle
Next, we study the influence of the two-step lithiation of an a-Si particle on its lithiation-induced fracture as well as
lithiation kinetics. Existing evidence suggests that the reaction-induced fracture of an a-Si particle is mainly caused by the
tensile hoop stress generated near the particle surface during the lithiation. As revealed above, in the second step of lithiation, the particle expands homogeneously and the tensile hoop stress keeps decreasing due to material elastic softening.
Therefore, it is reasonable to conclude that the particle may only fracture due to the stress generated in the first-step
lithiation, which was also implied by recent ab initio calculations (Cubuk and Kaxiras, 2014). Dimensional analysis dictates
the driving force for the propagation of a pre-existing crack in a Li2.5 Si spherical particle of radius rO takes the form of
(Zhao et al., 2012b)

G=Z

σY2
rO
ELi2.5Si

(13)

where Z is a dimensionless parameter on the order of unity. For example, under two-phase lithiation, it has been reported
Z ~0. 91 for a particle with a precrack of a modest crack length (Zhao et al., 2012b). Fracture occurs when the driving force for
crack propagation exceeds the fracture energy of the particle, Γ . Therefore, a critical particle size rOcr can be determined,
above which the particle is subject to lithiation-induced fracture, given by

rOcr =

ELi2.5Si Γ
ZσY2

(14)

Taking Z = 1, Γ = 7J/m2 (Pharr et al., 2013), ELi2.5Si=79. 6GPa and σ Y =1GPa (Sethuraman et al., 2010), we ﬁnd a critical
radius of the Li2.5 Si particle at the end of the first step of lithiation of rOcr =557. 2nm . The corresponding critical initial radius
of the pristine a-Si particle is thus ROcr =386. 3nm , which agrees reasonably well with the reported value of 435nm in experiments (McDowell et al., 2013a).
The critical radius of a c-Si particle at full lithiation can be calculated in a similar fracture mechanics model, so that

rOcr =

ELi

3.75Si
Zσ Y2

Γ

=280nm . The corresponding critical radius of the pristine c-Si particle is then ROcr =176. 4nm . This estimation is

much larger than the reported value of 75nm for c-Si particles in literature (Lee et al., 2012; McDowell et al., 2013a). Such a
discrepancy can be attributed to anisotropic lithiation nature of the c-Si particle, which is not considered in the fracture
mechanics model (Liang et al., 2013). Nonetheless, the theoretical prediction above offers quantitative insight for the significant difference in critical sizes of a-Si and c-Si particles observed in recent experiments, and further reveals the crucial
role of two-step lithiation and elastic softening on the mechanical durability of a-Si anodes.
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5. Effect of two-step lithiation on lithiation kinetics
Researches on lithiation kinetics have been performed for c-Si anodes. Experimental measurements of reaction velocity
in solid c-Si particles reveal that the reaction front slows down as it progresses into the solid particles (McDowell et al.,
2012). Existing theoretical studies show that lithiation-induced stress field could impede the lithiation reaction (Grantab
and Shenoy, 2012). A recent theoretical model accounting for concurrent lithiation and plasticity (Zhao et al., 2012b) shows
that the evolving stress field across the reaction front acts as an energy barrier for lithiation reaction and retards the velocity
of the reaction front in c-Si. The stress-induced energy barrier for lithiation reaction is given by

⎤
1⎡
Li Si
ΔGstress= ⎢ σmSi ΩSi−σm η Ω Li ηSi⎥
⎦
η⎣

(15)
Li Si

where ΩSi and ΩLiη Si represent the atomic volume of Si and Liη Si, respectively, and σmSi and σm η denote the mean stress in
remaining unlithiated silicon and the mean stress on the lithiation front, respectively. The higher energy barrier ΔGstress , the
lower the driving force for lithiation reaction, and thus the slower migration of the reaction front.
Recent experiments show that the lithiation reaction in a-Si proceeds approximately at a constant velocity and does not
slow down as much as in the c-Si case (McDowell et al., 2013a). Such a difference in lithiation kinetics is speculated to be
due to the difference in the evolution of lithiation-induced stress, however there lacks quantitative evidence so far to
support this speculation. To address this issue, we next calculate the stress-induced energy barrier for lithiation reaction in a
solid a-Si particle undergoing a two-step lithiation. The spherical symmetry of the lithiation process of the a-Si particle leads
1
to a mean stress σm= 3 (σr +2σθ ). Substituting Eqs. (4) and (5) into Eq. (15) gives the stress-induced energy barrier for lithiation
reaction

ΔGstress=

⎤
⎛r ⎞ 1
2σ Y ⎡
⎢ Ω Li ηSi−ΩSi log ⎜ O ⎟+ Ω Li ηSi⎥
⎥⎦
η ⎢⎣
⎝ rf ⎠ 3

(

)

(16)

The effect of two-step lithiation on the lithiation kinetics of a-Si can be demonstrated by comparing the stress-induced
energy barriers ΔGstress for η = 2. 5 (the case corresponding to the end of the first step of the real two-step lithiation process
of a-Si) and η = 3. 75 (the case corresponding to the end of the one-step lithiation process of c-Si) in Eq. (11), respectively.
Fig. 7(a) shows such a comparison of stress-induced energy barriers as a function of the normalized location of lithiation
front rf /RO . Here ΩLi2.5Si/ΩSi=3 and ΩLi3.75Si/ΩSi=4 . σ Y is taken to be 1GPa (Sethuraman et al., 2010) and ΩSi=2. 9 × 10−29m3
(Zhao et al., 2011). At the onset of lithiation at the outer surface of the particle (i.e.,

rf
RO

=1), ΔGstress for the two cases are

comparable. As the lithiation proceeds toward the center of the particle, ΔGstress increases, suggesting that lithiation-induced
stress poses increasing energy barrier for lithiation reaction. However, as the lithiation proceeds inward, ΔGstress due to a
two-step lithiation is always lower than that due to a one-step lithiation, for the same lithiation stage. The difference in

ΔGstress between the two cases increases modestly as the lithiation progresses. For example, at

rf
RO

=0. 02, ΔGstress=0. 94eV for

one-step lithiation and 0. 79eV for two-step lithiation. Such a difference in ΔGstress can be explained as follows. In the first
step lithiation of a-Si, the partial lithiation by forming Li2.5 Si results in less mechanical mismatch at the lithiation front and
relatively lower stress level, and therefore lower energy barrier for lithiation reaction, compared with the one-step full
lithiation of c-Si by forming Li3.75 Si. ΔGstress can also be estimated from Eq. (15) using the stress fields obtained from finite
element modeling results, which is also plotted in Fig. 7(a) and shows the similar trend as in theoretical prediction from Eq.
(16). Note that for the hypothetical one-step lithiation of c-Si here is assumed to be isotropic, while in reality the lithiation of
c-Si is anisotropic, which is expected to result in even higher lithiation-induced stress. Therefore, the comparison in Fig. 7
(a) underestimates the difference in ΔGstress for a-Si and c-Si. In other words, the stress-induced energy barrier in c-Si could
be high enough to impede or even halt the lithiation reaction, while such an energy barrier in a-Si is modest without
causing appreciable slowing down of the lithiation reaction.
The above comparison of the stress-induced energy barrier for lithiation reaction also holds for the case of hollow Si
particles, as shown in Fig. 7(b). It is worth noting that the overall level of ΔGstress for hollow Si particles is much lower than
that for solid Si particles. For example, toward the end of the first step lithiation, ΔGstress is only about 0.3 eV for a hollow
a-Si particle, less than half of ΔGstress (0.79 eV) for a solid a-Si particle. These results suggest that hollow Si particles can be
more readily lithiated and less susceptible to stress-induced retardation of lithiation, which agrees with recent experimental
observations (McDowell et al., 2013a; Yao et al., 2011) and chemo-mechanical modeling results (Jia and Li, 2015).
From a mechanics perspective, our calculation partially explains why the reaction front in a-Si does not slow as much as
that in the c-Si case. However, the difference of lithiation kinetics between a-Si and c-Si may also be owing to other
electrochemical aspects, which is beyond the scope of this work.
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6. Summary and conclusions
In this work, we developed a chemo-mechanical modeling framework to study the lithiation of amorphous silicon. In our
model, the first lithiation of amorphous silicon occurs via a two-step mechanism (Wang et al., 2013). The first step proceeds
with the movement of a sharp interface separating the unlithiated a-Si phase and a partially lithiated phase Li2.5 Si (Wang
et al., 2013), and the phase interface moves towards the a-Si phase until the entire a-Si anode is partially lithiated to Li2.5 Si.
Note that the Li concentration in the Li2.5 Si phase remains a constant during the first step. Such a unique lithium concentration profile together with the existence of the sharp phase interface indicates a reaction-controlled lithiation mechanism. In the second step, further lithiation causes Li concentration in the partially lithiated phase to increase uniformly
until full lithiation, i.e., from Li2.5 Si to Li3.75 Si (Cubuk and Kaxiras, 2014), dictated by a diffusion-controlled mechanism. In
summary, amorphous silicon is lithiated via a two-step mechanism with the first step dominated by a reaction-controlled
mechanism and the second step governed by a diffusion-controlled mechanism. Interestingly, it is worth noting that some
recent continuum-scale simulations predict that the two mechanisms may coexist and interact in the first step, resulting in a
non-uniform concentration distribution in the partially lithiated phase behind the phase interface (Cui et al., 2013a; Zhang
et al., 2015). Further experimental and ab initio studies are needed to verify such a prediction.
Based on the two-step lithiation mechanism described above, we investigate the stress evolution in a-Si particles undergoing two-step lithiation. The two-step lithiation mechanism as well as the lithiation-dependent elastic softening leads
to crucial consequences for fracture behavior and lithiation kinetics in a-Si anodes. Both finite element modeling and
theoretical analysis reveal that the uniform distribution of Li during the second step of lithiation as well as the stiffness
softening of lithiated silicon relaxes the stresses in the particle. The reduced stress level plays an important role in the
lithiation kinetics and fracture behavior of a-Si particle. Compared with the c-Si case, the movement of reaction front in an
a-Si particle experiences lower mechanical energy barrier; and the critical fracture size of a-Si particle is much higher than
that of the c-Si particle, which agrees reasonably with experimental observations. Our findings shed fundamental insight
into quantitative understanding about stress mitigation and its impact on battery performance in a-Si anodes, which may
assist in the design of better lithium ion battery.
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