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Cellulose nanopaper exhibits superior mechanical properties with both high strength and
toughness, and the crack bridging mechanism of nanoﬁbers makes the most signiﬁcant contribution to its fracture toughness. In this paper, we investigate the fracture toughness of a mode-I
crack in cellulose nanopaper by using a modiﬁed crack-bridging model. Diﬀerent from previous
crack-bridging models, we account for the eﬀect of nanoﬁbers inclined to the crack surfaces.
Particular attention is given to the dependence of fracture toughness on the orientation distribution of nanoﬁbers in the cellulose nanopaper. We use a cohesive law to account for the
interfacial shear stress of nanoﬁbers, which involve self-healing of hydrogen bonds at their interfaces. Two representative orientation distributions are considered, in which nanoﬁbers are
aligned or randomly oriented, respectively. The theoretical results agree well with relevant experiments. This work helps understand the structure–property relationship of cellulose nanopaper and design other ﬁber-reinforced nanocomposites.

1. Introduction
Cellulose nanoﬁbers, derived from natural materials such as wood and bamboo, have attracted much attention due to their
promising applications in bio-based nanomaterials [1–5]. Cellulose nanopaper consisting of a porous network of cellulose nanoﬁbers
suggests a bottom-up material design strategy to combine high strength and toughness [6–11]. As yet, however, the mechanical
potentials of cellulose nanopaper have not been fully attained because of a lack of understanding of its property–microstructure
relation.
Considerable eﬀorts have been dedicated recently toward exploring how to improve the mechanical properties of cellulose nanopaper. For example, nanopaper with a preferred orientation of cellulose nanoﬁbers was fabricated via cold drawing in the wet state
[12–14]. The results showed that an increased degree of nanoﬁber alignment enhances the mechanical stiﬀness and strength of
cellulose nanopaper along the alignment direction. This enhancement eﬀect was also observed in macroﬁbers made of cellulose
nanoﬁbers aligned by wet-stretching [15–18]. Håkansson et al. [19] prepared cellulose ﬁlaments by utilizing a surface-chargecontrolled gel transition combined with hydrodynamically induced ﬁber alignment. They showed that those ﬁlaments with less
aligned ﬁbers exhibit lower stiﬀness and tensile strength but higher strain at break compared with those made of more aligned ﬁbers.
More recently, an anisotropic cellulose nanopaper with highly aligned cellulose nanoﬁbers by deligniﬁcation and mechanical
pressing of natural wood was fabricated by Zhu et al. [20]. They found that the alignment of cellulose nanoﬁbers can dramatically
increase the strength and toughness of the resulting anisotropic nanopaper compared with its counterpart without alignment. These
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Nomenclature

δ
θ
λ
λs
σ∞
σb
τs
A
E

f

crack opening displacement
orientation angle of a nanoﬁber
crack-bridging zone length
maximal crack-bridging zone length
tensile stress in the far ﬁeld
bridging stress
interfacial shear strength between nanoﬁbers
ﬁber orientation distribution parameter
elastic modulus of nanopaper

Fb
KI0
KI∞
KIb

KIc
l
R
Vf

probability density function of nanoﬁber orientations
bridging force
intrinsic fracture toughness
stress intensity factor in the far ﬁeld
stress intensity factor induced by bridging nanoﬁbers
fracture toughness of nanopaper
average nanoﬁber length
nanoﬁber radius
volume fraction of nanoﬁbers

experiments evidenced that nanoﬁber alignment contributes signiﬁcantly to the mechanical properties of cellulose nanopaper, and
when all nanoﬁbers are aligned along the tensile direction, the full mechanical potentials of cellulose nanopaper can be achieved. To
date, however, there has been a lack of theoretical understanding of the nanoﬁber alignment eﬀects on the mechanical properties of
cellulose nanopaper. Fundamental research in this regard would help to design cellulose nanopaper with desirable mechanical
performance.
In this paper, therefore, the eﬀect of nanoﬁber orientations on the fracture toughness of cellulose nanopaper is elucidated by using
a modiﬁed crack-bridging model. The relation between the fracture toughness and microstructure is established for cellulose nanopaper with either fully aligned or randomly oriented nanoﬁbers.

2. Model and method
2.1. Crack-bridging model
Cellulose nanopaper usually has a porous network microstructure consisting of randomly distributed nanoﬁbers [7–11]. Its
mechanical properties can be tuned over a wide range by adjusting the sizes and orientations of nanoﬁbers. In particular, cellulose
nanopaper comprising fully aligned nanoﬁbers has anisotropic properties, with the highest strength and toughness along the nanoﬁber direction [12–14,20]. To examine the eﬀect of nanoﬁber orientations, therefore, we here compare the fracture toughness of
cellulose nanopaper in the following three typical cases of uniaxial tension: (i) all nanoﬁbers are aligned along the tensile direction,
(ii) all nanoﬁbers are aligned along a direction deviated from the tensile stress with an angle θ , and (iii) the nanoﬁbers are randomly
oriented, as shown in Fig. 1. Other cases of nanoﬁber orientations can be analyzed analogously.
During loading, the nanoﬁbers embedded in the cellulose nanopaper may slide relatively to each other. As the load increases
beyond a threshold, a crack may initiate and propagate. During crack propagation, nanoﬁbers behind the crack tip can be partly

Fig. 1. Schematic of (a) a nanopaper under with fully aligned nanoﬁbers along the tensile stress σ∞, (b) a nanopaper with fully aligned nanoﬁbers
and subjected to tension with an angle θ measured from the ﬁber direction, and (c) a nanopaper with random nanoﬁbers.
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pulled out from one of the two crack surfaces, generating a crack-bridging zone.
In most previous crack-bridging models for ﬁber-reinforced composites [21–30], the ﬁbers are usually assumed to be perpendicular to the crack surfaces in the crack-bridging zone. In the present work, the classical crack-bridging model is modiﬁed to account
for the eﬀect of nanoﬁbers inclined to the crack surfaces. For a mode-I crack, the out-pulled segment of each nanoﬁber in the crackbridging zone is approximately perpendicular to the crack surfaces. This treatment is reasonable because of the very low bending
stiﬀness of cellulose nanoﬁbers. This method can also be generalized to a mixed-mode crack by assuming that the out-pulled segment
of each nanoﬁber is in alignment with the direction of the crack opening displacement vector.
The relative slipping of nanoﬁbers involves the breakage and reformation of hydrogen bonds at the nanoﬁber interfaces, which
dissipate a large amount of energy and result in a signiﬁcant enhancement of facture toughness [11,30]. Crack propagation speed
may aﬀect the fracture behavior of materials under dynamic conditions [31–33]. In addition, the interfacial sliding behavior may
vary with the strain rate, and thus the speed of nanoﬁber pullout and crack propagation may aﬀect the failure behavior of cellulose
nanopaper. In the present paper, however, we ignore this dynamic eﬀect and consider only the case of quasi-static crack propagation.
In what follows, we will analyze the contribution of bridging nanoﬁbers and interfacial hydrogen bonds to the fracture toughness of
cellulose nanopaper.
We establish a quasi-three-dimensional crack-bridging model of cellulose nanopaper, as shown in Fig. 2a. A semi-inﬁnite model-I
crack is subjected to a uniform tensile stress σ∞ along the y direction in the far ﬁeld. The nanoﬁbers in the crack-bridging zone

Fig. 2. (a) Crack-bridging model of cellulose nanopaper and (b) schematic of the bridging stress distribution in the crack-bridging zone.
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corresponding to the three cases shown in Fig. 1 are schematized in Fig. 3, respectively. To make a direct comparison of their fracture
toughnesses, the cellulose nanopaper is treated as an intrinsically homogeneous, isotropic elastic solid with elastic modulus E in all
these cases. We use the critical stress intensity factor to evaluate the facture toughness of cellulose nanopaper. For a mode-I crack, the
stress intensity factor can be written as [30]

KI∞ = KI0 + KIb,

(1)

KI0

denotes the intrinsic fracture toughness of cellulose nanopaper, accounting for energy dissipation induced by intrinsic
where
microscopic damage mechanisms ahead of the crack tip. KI∞ is the stress intensity factor in the far ﬁeld. When KI∞ reaches a critical
value, the crack attains the steady state of propagation, corresponding to a saturated length of the crack-bridging zone and the
maximal fracture toughness of cellulose nanopaper, denoted as KIc . KIb is the stress intensity factor induced by the bridging ﬁbers
within the crack-bridging zone. It increases with the crack-bridging zone length and can be calculated by [21]

KIb =

2
π

∫0

λ

σb (x )
dx ,
λ−x

(2)

where λ is the length of the crack-bridging zone, and σb (x ) is the bridging stress at position x in the crack-bridging zone (Fig. 2b).
Assume that the bridging nanoﬁbers are discretely distributed in the crack-bridging zone. The discrete bridging forces induced by
nanoﬁbers in the crack-bridging zone can be described as a continuous function of cohesive bridging stress σb (x ) , which depends on
the crack opening displacement δ (x ) in the crack-bridging zone. For a semi-inﬁnite mode-I crack, the crack opening displacement
δ (x ) can be expressed as [28,30]

δ (x ) =

8KI∞ λ−x
4
−
πE
2π E

∫0

λ

σb (x )ln

λ−x +

λ−ξ

| λ−x − λ−ξ |

dξ ,
(3)

where the ﬁrst term arises from the far-ﬁeld stress σ∞, and the second term is caused by the bridging stresses. Since the pullout length
of a nanoﬁber should be no larger than half of its length l, δ (x ) decreases gradually with increasing x and satisﬁes
(4)

0 ⩽ δ (x ) ⩽ l/2,

where l is the average length of cellulose nanoﬁbers. To calculate the fracture toughness of cellulose nanopaper, the bridging stress
σb (x ) and the crack opening displacement δ (x ) should be determined ﬁrst. Then, σb (x ) and δ (x ) will be solved for the three cases
shown in Fig. 1.
2.2. Case 1: Nanopaper under uniaxial tension along the aligned nanoﬁbers
We ﬁrst consider a cellulose nanopaper consisting of fully aligned nanoﬁbers and subjected to uniaxial tension normal to the
mode-I crack, as shown in Fig. 1a. The bridging nanoﬁbers in the crack-bridging zone are shown in Fig. 3a. A cellulose nanoﬁber that
is being pulled out slide with respect to its neighbors, rendering a large interfacial shear stress due to the hydrogen bonds between
nanoﬁbers. When the interfacial stress or the sliding displacement reaches a threshold, the hydrogen bonds will be broken but new
hydrogen bonds can reform at the interfaces among the relatively sliding nanoﬁbers, as shown in Fig. 4. This self-healing process of
hydrogen bonds is repeated until the nanoﬁber is entirely pulled out. Since cellulose nanoﬁbers primarily interact with each other
through hydrogen bonds [7,9,11], the sliding stiﬀness of their interfaces is weaker than the stiﬀness of the nanoﬁbers themselves. For

Fig. 3. Bridging nanoﬁbers in the crack-bridging zone of cellulose nanopaper corresponding to the three cases (a)–(c) in Fig. 1. In all cases, the outpulled segments of nanoﬁbers are assumed to be normal to the crack surfaces (green) because of their very low bending stiﬀness. (For interpretation
of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 4. A nanoﬁber normal to and partly pulled out from a crack surface.

simplicity, the shear stress is assumed to be uniformly distributed over a relatively sliding interface [30,34,35]. The tensile force Fb on
a circular nanoﬁber and the interfacial shear strength τs satisfy the equilibrium condition:

Fb = πRτs [l−2δ ],

(5)

where R is the radius of a cellulose nanoﬁber, and δ is the pullout length of the nanoﬁber. Since the ﬁbrous structure in a cellulose
nanopaper is highly porous [7,11], we adopt Vf to denote the volume fraction of nanoﬁbers in the composite. In the crack-bridging
zone, the pullout length of a nanoﬁber δ (x ) equals the corresponding crack opening displacement at position x. Then according to Eq.
(5), the bridging stress σb (x ) at position x is

σb (x ) =

Vf τs [l−2δ (x )]
.
R

(6)

Using Eqs. (1), (2), and (6), the stress intensity factor

KI∞ = KI0 + 2

2 Vf τs ⎡
λ l−
⎢
π R ⎣

∫0

λ

KI∞

can be expressed as

δ (x )
dx⎤.
λ−x ⎥
⎦

(7)

Substituting Eq. (6) into (3), the crack opening displacement δ (x ) in the crack-bridging zone can be derived as

δ (x ) =

8KI0 λ−x
4Vf τs l ⎡
λ + λ−x
+
2 λ (λ−x ) −x ln
πER ⎢
2π E
λ − λ−x
⎣

⎤+ 8Vf τs
⎥ πER
⎦

∫0

λ

λ−x + λ−ξ 2 λ−x ⎞
⎛
dξ .
δ (ξ ) ⎜ln
−
|
λ−x − λ−ξ |
λ−ξ ⎟⎠
⎝

(8)

Eqs. (7) and (8) express the crack opening displacement δ (x ) and the stress intensity factor KI∞ of a mode-I crack in cellulose
nanopaper with fully aligned nanoﬁbers (Fig. 1a).
When the crack propagation enters a steady state, one has δ (x ) = l/2 and the crack-bridging zone approaches a saturated length
λ s . The corresponding stress intensity factor KIc is deﬁned as the fracture toughness of the material. It is given by

KIc = KI0 + 2

2 Vf τs ⎡
λ s l−
π R ⎢
⎣

∫0

λs

δ (x )
dx⎤.
λ s−x ⎥
⎦

(9)

2.3. Case 2: Nanopaper under uniaxial tension inclined to the aligned nanoﬁbers
Now we extend the above model to calculate the fracture toughness of a mode-I crack in a cellulose nanopaper reinforced with
aligned nanoﬁbers and subjected to uniaxial tension with an angle θ inclined to the ﬁber orientation, as shown in Fig. 3b, where
−π/2 < θ < π/2. In the crack-bridging zone, the nanoﬁbers are partly pulled out from one of the crack surfaces. Though the nanoﬁbers originally have an inclined angle to the tensile direction, their out-pulled segments are approximately normal to the crack
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surfaces because of the very low bending stiﬀness of nanoﬁbers, as shown in Fig. 5.
According to the force equilibrium condition, the ﬁber bridging force Fb in each ﬁber satisﬁes the relation:
(10)

Fb = πRτs (l−2δ )cosθ.
Using Vf , the bridging stress at position x in the crack-bridging zone can be written as

σb (x ) =

Vf τs [l−2δ (x )]cosθ
.
R

(11)

Using Eqs. (1), (2), and (11), the stress intensity factor

KI∞ = KI0 + 2

2 Vf τscosθ ⎡
λ l−
⎢
π
R
⎣

∫0

λ

KI∞

can be expressed as

δ (x )
dx⎤.
λ−x ⎥
⎦

(12)

Thus, the critical stress intensity factor of the mode-I crack in the cellulose nanopaper with ﬁber alignment angle θ reads

KIc = KI0 + 2

2 Vf τscosθ ⎡
⎢ λ s l−
π
R
⎣

∫0

λs

δ (x )
dx⎤.
λ s−x ⎥
⎦

(13)

Substituting Eqs. (11) and (12) into Eq. (3), the crack opening displacement in the crack-bridging zone is derived as

δ (x ) =

8KI0 λ−x
4Vf τs lcosθ ⎡
λ + λ−x ⎤ 8Vf τscosθ
+
+
2 λ (λ−x ) −x ln
πER ⎢
πER
2π E
λ − λ−x ⎥
⎣
⎦

Eqs. (11) and (14) give the expressions for the stress intensity factor
crack in the cellulose nanopaper.

KI∞

∫0

λ

λ−x + λ−ξ 2 λ−x ⎞
⎛
−
dξ .
δ (ξ ) ⎜ln
|
λ−x − λ−ξ |
λ−ξ ⎟⎠
⎝

(14)

and the crack opening displacement δ (x ) of a mode-I

2.4. Case 3: Nanopaper reinforced with randomly oriented nanoﬁbers
Then we use the crack-bridging model in Section 2.3 to consider a mode-I crack in a cellulose nanopaper containing randomly
distributed nanoﬁbers, as shown in Fig. 1c. The random distribution of nanoﬁbers is expressed by a probability density distribution
function in terms of their orientation angles θ . The corresponding crack-bridging model is shown in Fig. 3c. Assume that the nanoﬁber
orientations obey the following probability density function:

f (θ) =

Aexp(−A|θ|)
,(−π/2 ⩽ θ ⩽ π/2)
2−2exp(−πA/2)

(15)

where A is a constant. The function f (θ) should satisfy the normalization relation:
π/2

∫−π/2 f (θ)dθ = 1.

(16)

Fig. 5. An originally inclined nanoﬁber partly pulled out from the crack surface.
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According to Eq. (10), the bridging stress σb (x ) at position x in the crack-bridging zone is given as

σb (x ) =

Vf τs [l−2δ (x )]
R

π/2

∫−π/2 f (θ)cosθdθ.

(17)

By integration, Eq. (17) becomes

σb (x ) =

Vf τs [l−2δ (x )][A2 + Aexp(−Aπ/2)]
.
R (1 + A2 )[1−exp(−Aπ/2)]

(18)

Substituting Eqs. (18) and (2) into Eq. (1), the stress intensity factor KI∞ of the mode-I crack is expressed as

KI∞ = KI0 +

2 2 Vf τs [A2 + Aexp(−Aπ/2)] ⎡
λ l−
π R (1 + A2 )[1−exp(−Aπ/2)] ⎢
⎣

∫0

λ

δ (x )
dx⎤.
λ−x ⎥
⎦

(19)

Then substituting Eqs. (18) and (19) into Eq. (3), the crack opening displacement δ (x ) in the crack-bridging zone can be derived as

δ (x ) =

8KI0 λ−x
8Vf τs [A2 + Aexp(−Aπ/2)] ⎡
xl
λ + λ−x
λ (λ−x ) l− ln
+
+
πER (1 + A2 )[1−exp(−Aπ/2)] ⎢
2
2π E
λ − λ−x
⎣

∫0

λ

λ−x + λ−ξ 2 λ−x ⎞ ⎤
⎛
δ (ξ ) ⎜ln
dξ⎥.
−
|
λ−x − λ−ξ |
λ−ξ ⎟⎠
⎝
⎦
(20)

Eqs. (19) and (20) provide the stress intensity factor KI∞ and the crack opening displacement δ (x ) for a mode-I crack in cellulose
nanopaper with randomly oriented nanoﬁbers. When the crack enters a steady state of propagation, the corresponding critical stress
intensity factor KIc will be regarded as the fracture toughness of the material. It is obtained as

KIc = KI0 +

2 2 Vf τs [A2 + Aexp(−Aπ/2)] ⎡
λ s l−
π R (1 + A2 )[1−exp(−Aπ/2)] ⎢
⎣

∫0

λs

δ (x )
dx⎤.
λ s−x ⎥
⎦

(21)

2.5. Uniﬁed expression
In Sections 2.2–2.4, the stress intensity factor KI∞ and the crack opening displacement δ (x ) of a mode-I crack have been given for
three typical cases of nanoﬁber orientations, which can be expressed as a uniﬁed form. For example, Eqs. (7), (12), and (19) can be
uniﬁed as
0
KI∞
α = KI + 2

2 Vf τs cα ⎡
λ l−
π R ⎢
⎣

∫0

λ

δ (x )
dx⎤,
λ−x ⎥
⎦

(22)

A2 + Aexp(−Aπ / 2)

where c1 = 1, c2 = cosθ , and c3 = (1 + A2 )[1 − exp(−Aπ / 2)] , with α = 1, 2, 3 standing for the three cases (a)–(c) in Fig. 1, respectively.
Correspondingly, the critical stress intensity factors in Eqs. (9), (13), and (21) are re-expressed as

KIcα = KI0 + 2

2 Vf τs cα ⎡
λ s l−
π R ⎢
⎣

∫0

λs

δ (x )
dx⎤.
λ s−x ⎥
⎦

(23)

The crack opening displacements in the crack-bridging zone in Eqs. (8), (14), and (20) can be uniﬁed as

Fig. 6. Fracture toughness of cellulose nanopaper with randomly oriented nanoﬁbers as a function of the radius of constituent nanoﬁbers.
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δα (x ) =

8KI0 λ−x
4Vf τs lcα ⎡
λ + λ−x
+
2 λ (λ−x ) −x ln
πER ⎢
2π E
λ − λ−x
⎣

⎤+ 8Vf τs cα
⎥
πER
⎦

∫0

λ

λ−x + λ−ξ 2 λ−x ⎞
⎛
−
dξ .
δ (ξ ) ⎜ln
|
λ−x − λ−ξ |
λ−ξ ⎟⎠
⎝

(24)

Because the equations for the bridging stress σb (x ) and the crack opening displacement δ (x ) in the crack-bridging zone are
coupled, it is hard to solve them analytically. Therefore, a numerical iteration method is invoked to solve KI∞ and δ (x ) from Eqs. (22)
and (24), as described in Appendix A.

3. Results and discussion
3.1. Fracture toughness of nanopaper with randomly oriented nanoﬁbers
We ﬁrst use the crack-bridging model to predict the fracture toughness of cellulose nanopaper with randomly oriented nanoﬁbers,
as shown in Fig. 6. The material parameters used in our calculations are listed in Table 1, except stated elsewhere. The nanoﬁbers in
cellulose paper normally have a radius in the range from several to tens nanometers. When we take the nanoﬁber radius R as 5.5 nm
and 14 nm, the theoretical fracture toughnesses of nanopaper are obtained as 4.3 MPa·m1/2 and 2.7 MPa·m1/2, respectively. The
corresponding experimental values are about 4.5 MPa·m1/2 and 2.5 MPa·m1/2 [11,30], demonstrating a good agreement between our
theoretical predictions and the experimental data. By calibrating the theoretical fracture toughness to the experiment results of Zhu
et al. [11], we determine the ﬁber orientation distribution parameter A = −1. This is reasonable since A = −1 corresponds to an
isotropic nanopaper with fully randomly oriented nanoﬁbers.
Fig. 6 also shows that the fracture toughness of nanopaper is highly sensitive to the characteristic sizes of its constituent cellulose
nanoﬁbers. For a speciﬁed nanoﬁber length, the fracture toughness of nanopaper increases with the decrease in the radius of the
ﬁbers. Under a ﬁxed volume fraction of nanoﬁbers, reducing nanoﬁber radius will increase the overall interfacial area and the
number of hydrogen bonds, thereby yielding a signiﬁcant enhancement in the fracture toughness of nanopaper. The rich hydroxyl
groups along the cellulose molecular chains allow for facile formation and reformation of hydrogen bonds at the nanoﬁber interfaces,
enhancing the macroscopic fracture toughness of nanopaper [11].

3.2. Eﬀects of nanoﬁber orientation distribution
In this subsection, we examine the eﬀects of nanoﬁber orientation distribution on the fracture toughness of cellulose nanopaper.
The nanoﬁber orientation distribution is expressed by, for instance, the probability density function f (θ) in Eq. (15), with the ﬁber
orientation angle in the range of −π/2 ⩽ θ ⩽ π/2 . For diﬀerent values of the parameter A, Fig. 7 shows the probability density
function f (θ) . It can be seen that for a small positive value of A (e.g., 0.1), the nanoﬁbers are uniformly distributed in the range of
orientations from −π/2 to π/2 . For a large positive value of A (e.g., 10.0), almost all nanoﬁbers are aligned along the direction of
θ = 0° or, in other words, normal to the crack surfaces. For a large negative value of A (e.g., –10.0), most nanoﬁbers are along the
direction of θ = ± π/2 and normal to the tensile direction. These results suggest that the proposed probability distribution function
can reasonably describe the random distribution of cellulose nanoﬁbers.
For diﬀerent nanoﬁber orientation distributions f (θ) , Fig. 8 shows the variation in the fracture toughness of cellulose nanopaper
with respect to A. Evidently, the fracture toughness of nanopaper increases with increasing A. As A is suﬃciently large (e.g.,
A = 100), the fracture toughness approaches the constant KIc = 3.7 MPa·m1/2, which is the fracture toughness of a mode-I crack in a
nanopaper where all nanoﬁbers are normal to the crack. When A is very small (e.g., A = −100), the fracture toughness approaches
another constant, KIc = 1.0 MPa·m1/2, which is the intrinsic fracture toughness without accounting for the crack-bridging mechanism
or, in other words, the fracture toughness of a nanopaper where all nanoﬁbers are parallel to the crack (θ = ± π/2).
The above results demonstrate a signiﬁcant inﬂuence of nanoﬁber orientation distribution on the fracture toughness of nanopaper, as observed in experiments [12,14,20]. When all ﬁbers are oriented along the tensile direction, the fracture toughness of
nanopaper reaches its maximum value. Such highly anisotropic nanopaper can be further made into strands with superior strength
and toughness.

Table 1
Material parameters used in our calculations.
Parameters

Value

References

Elastic modulus E

13.5 GPa
1.0 MPa·m1/2

Sehaqui et al. [8]
Meng et al. [30]

30.0 MPa
14.0 nm
1.5 μm
80%
−1

Meng et al. [30]
Zhu et al. [11]
Moon et al. [2]
–
–

Fracture toughness KI0
Interfacial shear strength τs
Nanoﬁber radius R
Nanoﬁber length l
Nanoﬁber volume fraction Vf
Distribution parameter A
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Fig. 7. Orientation distribution functions of nanoﬁbers for diﬀerent values of parameter A.

Fig. 8. Variation in the fracture toughness of nanopaper with respect to the nanoﬁber orientation distribution parameter A.

3.3. Fracture toughness of nanopaper with aligned nanoﬁbers
Now we consider the fracture toughness of a mode-I crack in a nanopaper with fully aligned nanoﬁbers. To examine the directional dependence of fracture toughness, the normal direction of the crack is assumed to have an inclined angle θ from the nanoﬁber
orientation, as shown in Fig. 3b. Without loss of generality, we take 0 ⩽ θ ⩽ π/2 . Fig. 9a shows the crack opening displacement in the
crack-bridging zone of a steadily propagating crack under diﬀerent values of θ . The crack opening displacement approaches zero at
the crack tip. A smaller alignment angle gives rise to a smaller crack opening displacement, indicative of that a smaller alignment
angle tends to hinder the crack propagation of nanopaper. For a steadily propagating crack, Fig. 9b and c show the bridging zone
length and the fracture toughness of nanopaper with respect to the ﬁber alignment angle, respectively. The bridging zone length
exponentially increases as the ﬁber alignment angle increases, demonstrating that smaller alignment angles enable a stronger
toughening eﬀect. With decreasing ﬁber alignment angle, the fracture toughness of nanopaper exponentially increases, suggesting
that the nanopaper with fully aligned nanoﬁbers can exhibit superior mechanical properties by choosing loading direction. As the
ﬁber alignment angle decreases, the alignment ﬁbers support a higher load along the loading direction and the hydrogen bonds at the
interfaces dissipate more energy, improving the fracture toughness of anisotropic nanopaper. These results reveal that the mechanical
properties of such an anisotropic nanopaper can be given to full play by adjusting the ﬁber alignment direction, thus providing a
theoretical guidance for designing advanced nanopaper.
4. Conclusions
A theoretical model has been developed to evaluate the eﬀect of nanoﬁber alignment in the fracture toughness of cellulose
nanopaper. A probability density function with an exponential form is proposed to describe the random distribution of nanoﬁbers in
nanopaper. It is found that the fracture toughness of nanopaper strongly depends on the alignment degree of nanoﬁbers. The fracture
toughness of nanopaper with aligned nanoﬁbers along the loading direction can be much higher than that of nanopaper with randomly distributed nanoﬁbers. An increased alignment degree of nanoﬁbers tends to improve the mechanical properties of nanopaper.
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Fig. 9. (a) Crack opening displacement in the crack-bridging zone of a steady propagation crack under diﬀerent ﬁber alignment angles. (b) The
bridging zone length and (c) the fracture toughness of cellulose nanopaper with respect to the ﬁber alignment angle.

The nanopaper with fully aligned nanoﬁbers can achieve the highest mechanical properties in the ﬁber alignment direction. The
theoretical prediction for the fracture toughness of nanopaper agrees well with the experimental results. The present crack-bridging
model can also be used to analyze composites reinforced by carbon nanotubes and other nanoﬁbers [36,37]. This work oﬀers a
theoretical basis for engineering and optimizing advanced cellulose functional materials.
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Appendix A
The stress intensity factor KI∞ and the crack opening displacement δ (x ) for the crack in cellulose nanopaper are obtained by
solving Eqs. (22) and (24) in the main text via a numerical method including the following ﬁve main steps:
Step 1: Set a small value for the initial length of the bridging zone length, λ 0 . Then, we increase the value of λ gradually in the
iteration process to simulate the extension of the crack-bridging zone with loading. For each λ , the crack-bridging zone
(0 ⩽ x ⩽ λ ) is divided into N = λ /Δx subintervals, with the sequentially numbered points 0 < x1 < ⋯ < x i < ⋯ < xN < λ , where
x i = (i−1/2)Δx and Δx is the length of each subinterval. The crack opening displacements at these points are denoted by δα (x i ) ,
with i = 1,2,…,N .
Step 2: Using Eq. (24) in main text, the crack opening displacement δα (x i ) at position x i can be given by

δα (x i ) =

N
λ−x i + λ−x j 2 λ−x i ⎞
λ + λ−x i ⎞ 8Vf τs Δxcα
8KI0 λ−x i
4Vf τs lcα ⎛
+
∑ δ (xj) ⎛⎜ln
−
⎜2 λ (λ−x i ) −x i ln
⎟+
πER ⎝
πER
2π E
λ − λ−x i ⎠
| λ−x i − λ−x j |
λ−x j ⎟
j=1
⎠
⎝
j≠i

+

λ−x i + λ−x i−ξ
8Vf τs Δxδ (x i ) cα ⎛
⎞
⎜ln λ−x − λ−x −ξ −2⎟,
πER
i
i
⎝
⎠

(A1)

where ξ is a small positive constant. In the calculations, we set ξ = 10−11.
Step 3: From the crack opening displacement in Eq. (A1) at each position x i , we obtain a system of linear equations with unknowns
δα (x i ) . We numerically solve them to determine the crack opening displacement distribution over the entire crack-bridging zone.
Step 4: Using the crack opening displacement function δα (x i ) obtained in Step 3, we calculate the stress intensity factor KI∞ by
N

0
KI∞
α = KI + 2

2 Vf τs cα ⎡
Δxδ (x i ) ⎤
λ l− ∑
.
π R ⎢
λ−x i ⎥
i=1
⎦
⎣

(A2)

Step 5: When the maximal crack opening displacement δα (xN ) in the crack-bridging zone reaches half of the average ﬁber length,
l/2 , the nanoﬁber will be fully pulled out, indicating that the bridging zone has reached the maximal or saturated length and the
crack has entered a steady state of propagation. Then we stop the iteration, and determine the maximal crack-bridging zone length
λ s and the fracture toughness KIcα of the material from this state.
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